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Abstract In recent years, there have been many publications on the TED of composite laminated beam/plate
resonators. However, the contribution of the thermal axial force (or thermal membrane force) on the thermoelastic
damping (TED) in the resonators were neglected in all those investigations. It is well known that if the distribution of
material properties along the thickness is asymmetric about the geometric midplane of a beam/plate resonator then the
physical neutral surface will deviate from it. As a result, the temperature field in the resonator arising in the thermoelastic
coupling vibration will produce both the thermal bending moment and the thermal axial/membrane force each of them
will produce the TED. In this paper, based on the Euler-Bernoulli beam theory and the classical heat conduction theory,
mathematical formulations for the thermo-elastically coupled free vibration of bi-layered laminated micro beams with
rectangular cross sections are established in which the contribution of the thermal axial force on the internal energy
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dissipation is considered accurately. Then, analytical solutions of the thermal axial force and bending moment are found
in terms of the geometric quantities representing the beam deformation. Furthermore, the complex frequency of the
system and the TED represented by the inverse quality factor are obtained. As an example of numerical analysis, a bi-
layered micro beam with homogenous layers of silver (Ag) and silicon nitride (Si3Ny) is selected to quantitatively
examine the effects of the thermal axial force on the TED by changing the volume fractions of the laminas and the total
thickness of the beam. The numerical results show that neglection of the thermal axial force will underestimate the TED
in the bi-layered beam resonators. Especially, for the resonator with the volume fraction of the silver at 70% (that of the
silicon nitride at 30%), the TED will be underestimated about 16.3% if the thermal axial force is neglected.

Key words bi-layered micro beam, thermoelastic damping, thermal axial force, complex frequency, analytical solution
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Fig. 1 Geometry and coordinates of a bi-layered micro beam
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Materials  E/GPa  p/(kg-m™) «/(W-m™'.K™') a/106K"' C
SisNy 250 3200 8 3.0 937.5
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Table2 TED ( Q7! x10%) in clamped-clamped (C-C) bilayer micro beam for some specified values of # and H, (/=300 pm)

h/pm
H,
2 4 6 8 10 12 14 16 18 20
6.8936 28.058 16.719 9.3470 6.1540 4.4410 3.4126 2.7479 2.2949 1.9747
" 7.14918 29.130 17.490 9.8975 6.5836 4.7884 3.7009 2.9920 2.5052 2.1583
3.71% 3.82 4.61 5.89 6.98 7.82 8.4 8.9 9.2 9.30
0.3 6.8414" 33.915 24.220 13.557 8.8933 6.4921 5.0929 4.2370 3.7024 3.3697
7.3044% 36.243 26.070 14.799 9.8228 7.2268 5.6937 4.7408 4.1335 3.7442
6.77% 6.86 7.64 9.16 10.5 11.3 11.8 11.9 11.6 11.1
5.7672" 33.747 30.799 17.770 11.718 8.8199 7.2869 6.4861 6.1237 6.0181
04 6.3419% 37.130 34.056 19.900 13.267 10.030 8.2718 7.3099 6.8261 6.6248
9.96% 10.0 10.6 12.0 13.2 13.7 13.5 12.7 11.5 10.1
0.5 4.1236" 27.473 34.242 21.511 14.586 11.555 10.337 10.051 10.267 10.668
4.6595% 31.051 38.792 24.552 16.756 13.234 11.700 11.189 11.231 11.487
13.0% 13.0 133 14.1 14.9 14.5 13.2 113 9.3826 7.67
2.4685" 18.042 32.221 24.492 17.713 15.150 14.836 15.644 16.820 17.759
00 2.8490° 20.824 37.191 28.269 20.369 17.190 16.484 17.011 17.959 18.701
15.4% 15.4 15.4 15.4 15.0 13.5 11.1 8.73 6.77 5.30
0.7 1.2081° 9.3489 23.578 25.967 21.751 20.438 21.745 24.142 26.345 27.364
1.4047% 10.869 27.374 29.957 24.697 22.661 23.526 25.596 27.523 28.300
16.3% 16.3 16.1 15.4 13.6 10.9 8.19 6.02 4.47 3.42
0.4869" 3.8690 12.208 22.187 26.807 29.020 32.703 37.056 39.974 40.215
08 0.5509% 43772 13.792 24.907 29.595 31.253 34.437 38.424 41.042 41.020
13.2% 13.1 13.0 12.3 10.4 7.69 53 3.7 2.67 2.00

TE: R Ny s SHEIE Ny s SHIRZE = 100% x [(07) - (@) 1/(07")*
Note: " Ny is ignored; * Ny is considered; the relative error = 100% x [(Q~1)* —(Q~1)*1/(@™")*
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B2 BATARFEHARG 30 Hy 1R TED (@' x 10*) BEE AT
B wo AR 12 (1= 300 pm, —PAEA)
Fig.2 Continuously variation of the TED ( Q™! x 10* ) with the
frequency wq of a bi-layered micro beam for some specified values of
H, (1=300 um, 1** mode)

S 4 R0 (0 i 2 4y ) AR R 220 R 2 R AR O
) TED #hek. AL 2, & 2 SE i B S B T )24
ZE1f) TED B J5J5 003 2R B0 AR A . A
Hnf L, Y Hy < 0.5 I, IRZRIITEA S84 (0 2) 1%
B0t ~ n IS 7E Hy = 0.6, 0.7 W iliZ BA
BH S PR ORI 553 2 R (R 5000 T B e (1 A 1 J0 e
AL, 2453 2 (R ARF 5 BRI i FA0h 56 TED (#1532
Wi 55, 54N, B 2 T DL H LR A (Ogly )
SXoF IV (1 52 BE (BRI S JEBE e, ) B A 4 R AR 2 IR AR AR
3 BB 0 B A (T AT B LR, A
23 A T 2 s e (B ) 1R e
BEL & dpe K ARRIAH I [ 1 S 52 . el m] O, B 42
AT 530000 1 DKW T 5 SR 3 .

3 METFARRRSE H, B TED FRK{E 0;L, x10° F
&R EE hee (1=300 pm)
Table 3 The maximum, Q! x10° and the critical thickness,

he, for different values of H, (7=300 pm)

Hy

0o 01 02 03 04 05 06 07 08 09 10

Onin 1112 19.33 28.06 34.91 38.04 36.80 32.22 31.06 40.46 62.77 12.54

hee/ pm 3.47 374 4.02 434 474 525 598 7.21 19.06 18.34 19.43

Bl 3 20 RoR T 45 58 B R IR U2 TR )
TED BARB I B0 Hy 3 22784k et i 26 el itk vy
T, KLAITE 0.3 < Hy < 0.8 X 1], Fhkh g 5% St i B
SR ARAS 3. I 4 5 T 3 2 e S A
R 72 B 4 B AR IR A AR o0 B0 927 A 1) it . 3 A
IR T B KR ZEXN N 5 R AT BUE (Ha).

12X (30) TT %, Al g r= Az ) B B ek
TR BB Wy, (wo) IREEE. & 5 2 T BAT AR SR
(1) Im(y,) B R TR 2 S H, 0% 2L AR h 2. 45 2R
PRI B 2 P AS 23 J2 (P AR 23 BOAH I ) BEL JE R0
e

Al Iy 2 ey B b S LA T ) e RS ]
1. e, B 6 S TR TN E (Lo =20/h) 5
AR EH, R RS, BAR, FEMAN 73 2 1)
PR ARGy H5ORH AT (19 DX 1) 49 B8 e T i 25 L ART v T I
T B JE AH O 5% 2 1) e KB IE 2 HH LA 12 X 1)
X R R A8 R 0N 2 BRI A A 1 1)
AEB S R B B o, NI R —25 Fh & A8 T i Wk 2, itk
R P MR RN
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Fig.3 Curves of the TED ( Q7! ) in bilayer micro beam varying
continuously with the volume fraction of the silver layer ( H, )
(1=300 pm)

4 5 RN e I I 3 L 22 1] AT R 22 B Hy 1Y
ek (1=300 um)
Fig. 4 Curves of the relative error between the TEDs with considering
and neglecting the thermal axial force versus Hp (/=300 pm)

5 5X10’5
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Fig. 5 Variation of damping function Im(yx,) produced by thermal
axial force with H, and &
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Ko WRLPIIIALE (Lo =z20/h) BEZ AR B (Hy ) IZEHL
Fig. 6 Position of the physical neutral surface ( {p = zo/h ) changing
with the volume fraction of the silver layer ( H> )
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