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Abstract Neural networks are widely used as a powerful information processing tool in the fields of computer vision,

biomedicine, and oil-gas engineering, triggering technological changes. Due to the powerful learning ability, deep

learning networks can not only discover physical laws but also solve partial differential equations (PDEs). In recent years,

PDE solving based on deep learning has been a new research hotspot. Following the terms of traditional PDE analytical

solution, this paper calls the method of solving PDE by neural network as PDE intelligent solution or PDE neural-

network solution. This paper briefly introduces the development history of PDE intelligent solution, and then discusses

the development of recovering unknown PDEs and solving known PDEs. The main focus of this paper is on a neural

network solution method for a known PDE. It is divided into three categories according to the way of constructing loss
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functions. The first is data-driven method, which mainly learns PDEs from partially known data and can be applied to
recovering physical equations, discovering unknown equations, parameter inversion, etc. The second is physical-
constraint method, i.e., data-driven supplemented by physical constraints, which is manifested by adding physical laws
such as governing equation to the loss function, thus reducing the network's reliance on labeled data and improving the
generalization ability and application value. The third is physics-driven method (purely physical constraints), which
solves PDEs by physical laws without any labeled data. However, such methods are currently only applied to solve
simple PDEs and still need to be improved for complex physics. This paper introduces the research progress of intelligent
solution of PDEs from these three aspects, involving various network structures such as fully-connected neural networks,

convolutional neural networks, recurrent neural networks, etc. Finally, we summarize the research progress of PDE

intelligent solutions, and outline the corresponding application scenarios and future research outlook.

Key words neural networks, PDE intelligent solution, data-driven, physical-constraint
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2 1
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4e
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4e

1
—(u(x,y—¢&,z2—&)—u(x—&,y—¢&,2—8)) =
de

“x(x7y,z), as &€ — 0

A, 2 (gorol—1@u)21 (53,2, > (qon [~ @w)=
u(x,y,2).

AR, AT DA 29 0 1 U I ARG S 4 1)
W ST, MW T7 FE N, x,y, 2 1) == up — F(x,y,2,
Uy Uy, Uz, U, ..) BEAT S BUE AL, A7

i(tiy1,-) = Dou(t;,) + 6t X F(x,y,z, Dooou, D1oout, -+ +)

PdE o 2 T W1 WG ) =8 & B A RTLE R A @ AR
3D-PDE-Net, 415 2 7w, o iod sk o) LLER 7R 0
o(na' Diju), n=1 N TE LB R T, Z8d J2
TR AL ARLR, W2 B HL, o K TanhiG k4.

H {1 S 06 % B, 3D-PDE-Net 3R fift K B Lo, 17 25
Eb K figt L 20 4% 5 Douglas-Gunn ADI [#1Ik 20
FEU3Y FIE NN 43 214 1 38 Y 005 pR 0RT 10 A5 )
SRR JE, HRTBuE 2219 2003 (H Ik 3D-PDE-Net
A AT AR 1.

conwlution

u(ty X, y,2)

. 3,2)

2 3D-PDE-Net I 45 & #7555 17
Fig.2 The schematic diagram of a 5¢-block!”!
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3.2.2 FETICAW L T o3 7 R SR A i

Liu S50 00 T AT B 48 0 45 45 pR BUE i
(R, 4 T — N (0 Rl o) R SR A s,
TR B Bhisr o) 5 FE A ) RN AH i) ik
173K A%, E 45830 55 Han 5507 FHYRRE 2% 2] @I bR FE 5
¥, HE T T R B Ok 2, 0 A o) T R
oy HVR JEE 2 ST SR AT 7 vk, W H AN BRZ . N A
I 1) ) o P~ 256 AP 9 A0 2R il 73 7 82 11 9 8% &35 ) L
3 PR, AMGIA H+ D)WV -1) 2, Bk
BRECL AT A NS SHL. = 1,00, tno T
BF— B L — A ¢ IR 20 () X 2%, Rl k2 - kT J2
BE—ANTF LR I R AR 2R G, JE TR s, £
J2 I Ao 48 D 5% T o P AR, AT RT A B v T
100 4EFI R G5 Ty FE AR, IF25 H T 2 R8s Y il
G T FE T FEIC SR M 45

1=ty , -

|

+@» ® - -

=0y

3 HAKGEUZE . N AN 2 22 M I AL AR i 73 7 R
WA 2% 54y (1625019 SR [30])
Fig. 3 Illustration of the network architecture for solving semilinear
parabolic PDEs with H hidden layers for each sub-network and N time
intervals (modified from Ref. [30])

3.3 YBELARTHIRM S 5 I2HE WK AR T A

BT EZ A RE D), Bk D AR H . MK B S
UKEh ARG, RI BRI 7, =2 22 KR
I JLAE R FE R 4701 B & 3R 25 F b
SeI AT B R I T H i A R A B g 2 2 Sk
I FHT 5¢. Sirignano Z5E0771 45 H T 2R IF LSTM A
T AR 2411 deep Galerkin method (DGM) M 4%, $2
th 7 A& T Galerkin J7 VA — By 51 UH R OTVS,
RIS &5 HH T ) BT T (b 22 o 5% 3 30 B

3.3.1 PINN

Raissi 5509400 1] F fw 1l 73 77 R 1042 1) 7 R DA %
1 G55 A e A A ik 22, I % Ak 22 2 A A
TSR R AL, R G 7V R B R U AR 1 1) A,
H T B RR BRI ZE 4% (physics informed neural

network, PINN). PINN ¥ 345 UK 5 15 4 B 24 oR AH 45

B, TR T iy 5 R N7 b SR A FA T R, B,
XS 7 A
D(u(x))=0, xeQ }
(11)
B(u(x)) = f(x), x€0Q
PINN A 45 K B B T2 22 1y 3 380 A, 200 A
P o3 75 R B T R, P4t SRR 4k A 1
AT HIBR S EE Bk 72
[A] B, Raissi 54 BT 5T T 3% S0 (R A 7Y 5 2
FSC I TROASE L 7 7 R SR AR RN 5 RER S P 3 35t T (R
FH, LB ARRE S M 0] SRAPERS L A S SR 2 A% .
PLsRfi# Dirichlet 11 ¢ 1) Burgers J5 #2441, L
up+uuy, —(0.01/m)uy, =0, x € [-1,1],£€[0,1]
u(0, x) = —sin(mtx) (12)
u(t,-1)=u(t,1)=0

A5 %L D(u) H
D(u) := us + uu, —(0.01 /7)1, (13)
AL E AR R EA

1 & 21
L5 3 IDGUR: Wb + - D i) — P
D= “n=1

10 3 B /MU UK BB AL P M 4% S 40, 1S
X 2% 4 H JE U Burgers 5 2 1 i

332 KT PINN [k v

FEF PINN 532, Toshiyuki 2SI Fl i 3 4
DNNs ZH 5% ) PINN HEZ2 X} Richardson-Richards /7
FEFEAT Z B, TG ORK th K 4% T a4k
Han 55U /048 7 —Fp o 98 B 27 2 10— M 4R
YR T 5y 7 RE B SRR 7R SR 4y 7 REREAT
T I, T FH A 28 0 5% 38 T AR RN ARG R, EAE
ST REVHE TS ) T E B 45 R . Meng S50
PEH T BRI PINN J57%, BR4 PPINN, K —
I 0] (19 10) 053 i Shy 22 /N BT F R B 1) ) s, A
T 2> 7 FE SR AR . Michoski 2581 BF 5T 18008
Tl T REMR 28 SR i 7 15, ph e W 48 T ik 5 % 4
T3 V55 N LR B, 3 T4 28 0 4% 1) SR A vE A A
By, B E AT AT KRR . Kani A1 Elsheikh(®)
PR 2 KR T o O 2 7 155 1IEAS 73 f#i# (POD)
B B A A J772: (DEIM) AHZ: &, 324t T — A
K RE AR B ) R G FEIT AL, FRAIK T R 2K
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AT PR R 1

sigmoid :

& I+e9*
ed¥ _ gmax
edXx 4 g—ax (]4)

ReLU : max(0,ax)

tanh :

leaky ReLU : max(0,ax) — vmax(0, —ax)

SR, 25 b 28 KA P it ol 70 5 2 Ao 28 19X 4 3K A
1LOF
08}
0.6}
04t
02}

o ;

I
BLrO—

ISESESEN

sigmoid

[SESESEN
I
Boro—

tanh
(=]

150
125 F—
100F
75t
50
25F

ENUST O

[SESESESY

ReLU

15.0 —
25—
100
751
50}
25}

ENUST O

ISESESESY

leakey ReLU

-4 -3 2 -1 0 1 2 3 4
X
€] 4 Sigmoid, tanh, ReLU Fll leaky-ReLU 1%} N AR & a [f]
i A
Fig. 4 Sigmoid, tanh, ReLU and leaky-ReLU activation functions for

various values of a
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ANREIRAT ILAM B X (1 Fe 7). 3 A kT s B A
(R 53 7 RE SR AR 73506280 T, T2 L2 TR
(RIY B BR B ) (1) 3K A 77 v FAT ST il (1) 3 H iy 55t
A B AL GEKMR 71— R TR 2T AT FR2E
s, X HIERE, K51 KA 5y 77 R SR AR AR
FLIEAR K,

333 AIINERARSEEAE T R w0 J7 RE R e R 2% 5K
filt I3 1%

IR EE IR S R o3 7 R SRR T A AR R
BRI IR 73 AT s, 490 2 o S S0 s ) % [R) 3 A
B XARAEAE LIS AT A BESRAT. B an, W AESK
oA B 2 A AR KA, A REIRAS s ) 1#)7 [a] I
6 T BV I I el [ PR 157 6 o TR iy
fR). g, A T A b, SRR i s, At
() Hs ) Bk o ik gk n. B, L3R e S50 1R i ik
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SRR LR, FEAE 3 4 v W PR A, A Re Al
FH 205 (1) R 00 B8040 4 R B 28, gl 00 i k20 I B2
HEAT SR, B R S B B0 3 S N A 05
T MREAT T BRI R R T

Wang S8 S2 i TR I ERALR . ¥l
AR R s R ) 5 4 S5 A Oh BRAR F T 48 I 4%
(theory-guided neural network, TgNN), W1 5 froR, #)
F TgNN fift Pt S I sl @ ase, Aef e P i A 55 n) 2.

Li S5 0870 A FH o Ao 428 D) 4% fit e B AH V2 L 1)
I8 73 ) 0 S o 3 s s 1 A A %, A7 Rde
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engineering
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!
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l

5 TgNN B 1 4% & g 53]
Fig. 5 Structure of the TgNN model(®!
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Fig. 6 Pressure distribution and BHP obtained by intelligent solution 7
Chen 58 F H — R 5L 1B 7 Z2 B4R IR G
Bl LA 22 I 245, A R T 7 ) AN B A A IR S
I A S TAENH. 755 SEWT 9T, Chen S5 $2 H
— PR 2 ] B (hard constraint projection, HCP) [1]
ITIFAE TN 2 2 T IEERINFE A B 1) 27 2] g
34 YEERHTHRES HIEMENEKER A
AR TAL GEHAE KA, sk 73 77 R4 e SR A5
SRS ET I (29 oR, AE S bR I, AT AT 2 1 s
SR A PRI . S6F 1, I e b 28 5t 1 A B SR By 7
YRR FE T T 0], A B R T 5.

3.4.1 SERARLM L (FC-NN) SRR 5 72
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W 25 S AL v A Al 3 23 7 R, R FH BEWLER B T % (SGD)
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E” +w-Vu+ —Vp—vV2u+bf =0, x,tle,,,BeRd
o

(15)
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HorP, uparticutar » Pparticutar AT W5 A& WA FN I FE A 1) Ry
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fnputk—{ ¢ ¢ e
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arg (min loss) = ||.# (&,, p, )| J

W

00 .+ hard \:.——»—».

K7 FEFRELRLHCN FC-NN HESE (524 A SCEk [92])
Fig. 7 Schematic diagram of FC-NN framework based on “hard
boundary constraint” (modified from Ref. [92])
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Fig. 9 Dense convolutional encoder-decoder network as the

deterministic surrogate (modified from Ref. [96])
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