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Fig.1 Two-dimensional cylindrically curved panel in

supersonic airflow

MEEMR ) EREAW « 77 m8EE KR
o, RWMKEEE, BEM DR MEA po, U
Ma.

H B ) 18 3230 R AE A
2
w= (892 0, f£z=0F114 (2)

Her,  w Ay BEAT B8R e L.
K H von Karman KRR # i, 152883 #
A A i RE AR 32 B T R A

ph(82w/dt?) + c(Ow/0t) — (N, — N5

(0%w/0x® — 1/R,) + D(0*w/0z*)+ (3)
(P —Pso) =0

JUART 3 25 1 5502 512 Sy o 5 AR B i T P9 77 A

w l
Na = l(llihﬂ)[ / (g:r) dz + 8‘%/0 wda:] )

H, D=ER*/12(1-v?) hihBERIRIE, E X4
PR R MEA R, v ATARA LG, p, 1, A ¢ 51
RFEWMEEM B, KB, R R REL

BB TR, BERZBGRFRASIFE
WERIS A, To ARIGERE, HRA AT =T-T,
5 ) T A BN T A

h/2
ND = / EaATdz = EhaAT (5)
—h/2
Hef, o AAPE IR 2
FERFIR w* = 0l/U < 1 HEHT, £T—
GRS RN iIp R BRI DA

_ _ﬁ(imMa —216;“1)
P=Poo =3\ 0 " Ma2—1U ot

HA, g =pU%/2 ABNE, 8= \/W?{J Prandtl-
Glauert K.

2(] 6’[[)0
3 o0x O

SIATRNSH
E=x/l, T=t\/D/phl*, W =w/h

A =2¢1*/BD, mg = pal/ph

N. l2 1 1
=6 / (W"2de¢ + 12T, / Wdé
D 0 0

R =N"2/D, I, =12/hR,

R, =

C = c\/15/phD, Ry = (7%32 - i)%
FHin () = 0/0¢.
B2 (6) FRAK (3) HIrdtfT e RN, BHL
B B BB TR A
O*W ow (T) " "y
aor O = (Ba = B)(W" = Iy) + W
/\W’+maw +/\% —0
(7)
i1 RE BT 1 410 46 TLART B 2R OA

W = %[1 - 4(5 — %)Q] +0>6)" ®)

Horf,  H Oy BERTE B KRB0 U JLAT R BE, B ) BE AR
IR0 46 T AT i 3R B K /N e KA AR JL A e B2 S R
JEJRE B LU B R A &

Wy 1
e = ~(Hms(e- ) (9)
I, ATLARRA
oW,
r=-= o = 8H/h (10)

KM Galerkin J7¥k, Frr % ok URIT AN IE % R
L EBm. N TR SGLF %, NNBREA

= 3"l

sin(mm§) (11)

Hi, am(m=1,2,---,00) A

=X (1) ARAR (7) o, X 75 72 B &35 [R] I 3fe
PLsin(swé)(s = 1,2,---,00) FWRMZ KM, AT
DI 3— R M A AL W o R, Bi oy ih
BEN 7R AW P Esh . R i i BE AR AR
JELAHHT N WS A £, A B RS AL HR T K



® 5 M

HRADHNSE ¢ i REAR A B T UL A

865

B P A T S BEAE S RS TR
as = AN+s
aN4s = —C - AGN+s — AN+sV ARp—

N
3 Z (mm)?aZ,(sm)?—

m=1

m

N
1—(-1) 2
12T, Z Ay ————(s57)%a,—
m—1 mm

N
21 —(-1)¢
3r, (mﬁ)2a$n4[ (=17
= ST
12]'12 J 1- (_l)m 2[1 B (_1)8]
z Z R —— ST B
m=1
4 A\ 2sm 1 1)s+m
(5mas =AY = (1)t
m#s
2[1 — (=1)¢
R;T)(SW)QGS—I-R;T)I} [ (=1)°]
ST
_1\s
/\]ﬂzw7 s=1,2,--- N
s

Hrp, () ARSI A AR R RS
2 HERHMBE

AT ORI EER R EHEANSH 0 W EHE WA

) BEAR 2R 58 P AR AR IR, R il BEA R S8 HORAS
T A ESH p K TR

dai

di¢

dtid, B T M BEARIZ S PR AT (12). Hoxt

(13)

:fi((ll,(],Q’...’(]QN’/j,)’ 22172772]\/’

IV B S HR S T R A

fi(a17a27'”7a?N7ﬂ’):O:i:1727‘”72N (14)

A8 SCEF, e WIS T R4 B AR X T 3
PEFI S BB T B 5, RIVAR D 2% 1 7 B i 2 A
AT DU R iR e 7 E B S ERNR T4 F T, T
BE BB B JUART i 2R 5N B e 2 380 o 7 2 B
DT

LRI W BE B R 58 A AL P 5 R A BT RE S
B B34, AT DU RS 20 20 A Bl 2% 2080 W J T RS
HREATHIIT.

WA AT 50 3 L R B AR R S B A 4
@8, B TR (13) MRS B B po

A—NERTEME, 2 (a0, p0)(i =1,2,---,2N) A
AT R, WH
filaio, po) =0, i1=1,2,--- 2N (15)
det J(ao,p0) =0, i=1,2,--- 2N (16)
det J(azo, o) #0, i=1,2,---,2N (17)

S, M RERRATE (14) PR aoli =
1,2,---,2N) 4 #) Jacobi %ifE, J HEFEA¥E J HHE
i BRI {1} BT B

(14) B a5 25X (16) 1 (17) WI%fF, WRSGRET
[ P

ERZ BRI/ ELT, UM EHE RS
(N =2,¢c=0) A, ¥AHE thRENR R 5K R
AT TR, R A 2 it BEARGE B
RETTR (12) A (16) F1 (17), 1R B AR T4
M, B ar=a3=0, ay =a4 =0, {15

0 0 1 0
0 0 0 1
2 8 =0
—97r4a% —12n%a? — T2nTa; — 9671_—2 — 7t —247*a1as — 967 pas + g)\ VAR, 0
8
—24r*a1as — 967 pay — g/\ —127%a? — 967 a; — 1447%a? — 1674 0 —VAR,,
(18)
0 0 1 0
0 0 0 0
r? 8 £0
—9nta? — 12n%a? — 27T a1 — 967T—§ — 4 —247*a1as — 967 pas + g)\ AR, —as
4 8 4.2 4.2 4 8 Iy
—24n*a1ay — 96w [ as — g/\ —127%af — 967 ;a1 — 1447*a5 — 167 0 —gal -




866 ) £

= Eird 2010 £ FE 42 %

H%*ﬁ%%’ﬁﬁ&ﬂ‘]:%””"% ST AL A

—[3w2a%4-12w 242472 ](w a14—447)
m*a; + g)\ag =0

I,

- [37?2(1% + 127%a3 + 24—z] (472ay)—
T

AL,

T /

(20) I 25K (19), Biwr
S AR A R AR R SR RS

8
167tay — g)\al =

R S7 SR =K (18)
3
L E.

EHESE M REAR R &M sh A Hopf 447, HSEH
det(J — 20I) = 0 5B R G FRAETT 2

o+ Anflgn_l + An,QQn_Q 4+ -+
A0+ 45 =0 (21)

KA Hopt 208 B — DI BB AL R
RETTRE (21) A—MaABRAHR n -2 MRY
HARELM. B pe A—D307 Hopt 28 {H, FHid
(@ic, pe) (i = 1,2, -+, 2N) Ay 3h3 Hopf %5 5, WA

N

An—l(a'i07 ,u'C)7 An—2 (aica ,u'C)7 Tty
Ai(aic, pre)s Ao(aic, pe) >0

Ai(aica,uc) > 07 An—l(aic;ﬂc) =0

(22)

t=n—3,n—295, -

7

BP7E i R 2X (22) P45 4k, R SUR A A 3hAS Hopt
Vs

A3EL B TR B FERHJE R GE A, B 0 AT A
A Hopf 272 B 18 5k 20 Hr il BEBUR 58 745 sl ) AR
SEVE. Ff AR Ty R R IT 30 R

|J—QI| = Q'+ A3 + A 0° + A1 2+ Ag =0 (23)
IR ARG AT 3hA Hopf 2047, WINA

As, As, A1, Ap >0
AsAy — A1 >0 (24)

Az Ay Ay — A2 — A24g =0

BUZEE 2 5 (24) BT kb, BHBEN R G ¥ & A sh
7 Hopf 477,

3 EER

3.1 BSPIHFTHFES

FEARH RIS MIIE LT, M ERwSs 78
TRXT B TE PHL e BE AR R S X I B S R IR T R A
¥ 8 B BORIPE S BEAT 2047, 9F A 3hA Hopf 2372 2
WRAIHT BRI SITENE, B eS8 H/h, lad R
fEi 2K (24) BOFAE R, KPR B H /b fE P85
BTSRRI ML AB; HESH H/h, B RKHT7
R4l (18)~(20) B V8, XANFEK H/h {ETF KT
5 54T AR M 2k BC, BF, DE, i g i~
10 3 S5 SCHT I B 2 B B ER BR T kAR E. R
HEI RIS ME 2. YSH T T AB MR NX B 1
BEA X T W, 75 F2 41 1) i il 33 3h 3 Hopf 2025 T
RAEBNBKRR; LSHTE DE ENXE IV A
X I i, TR RE—KESE-59%, H—
AT ERBE L — AR ER BN AL, 255 E BF
2 DA DX 35 TIT 30 A X35 TT B, 5 R AR s i - 45
A, OB — AR E BB R — AT E AR R

N R EN

400

A -~ hopf bifurcation
N — saddle-nodal bifurcation
3001 . ]
\ 1T
~ 2000 \P F
100l ! 111 |
E
C v
0 D. : : ‘
0 2 4 6 8 10

H/h

B 2 SRS BT R IRES T AL R R 5 & i 2R
Fig.2 Solution regions and bifurcation curves under static

aerodynamic load

R BhA Hopf 4% FEk A8 - 4590308 7
A AR, X T AU — 4R E 1 g, B il BE
BAUARE — MR EMERE, BmASKAETR.
FE X3, 1T, AR AE — LR AR I A, 0l 2 356 o R AR
NRERENERE, AR EEE -1
LR, DARR AR, 75X IIL A7 — AR e
o fR A AL AR RO IR EIXIR IV, FAERARE
BB A AE I E . BT E X T A IV [ A
BN E AT E %, BN ihBE AR 5 R
FAEZ AN RN R E FIR TR 1 P A B, R
KB T RE S K AW SCHR (1] Fid i = kR



® 5 M

HRADHNSE ¢ i REAR A B T UL A 867

RAER, BAHFTAE-POUR, QFHAENET
Xt H A SR AR s PR BEAT 0 A R BE AT SE R T R

3.2 EEABWNTHIER

DUFE W MR RS, B AR S22 TE DLSR
—FriE R E, AR BRS (N = 1) f#
R4 3 AL AL iy BEAR B S BRI, ) R IR S
W=V

[12
3r4a? + 367 a? + (967?”2” —w2R 4 7T4>a1 _

4r,R{"

LLLE

L H BRI MBATR, —Fr 7R (25) kA&
HAE-Z0%, HEENAE 3 Fin, 5E2 1A
o, MEFRmEr, M mAEgm, 7R A X
I FAUEEE— DR ERIfR, 7€ AB &K R EdES
W8 - g7, MZEd AB M3 X8 11 B A77E 3
AN, BEINT — N RE BRI — DA RE R

(25)

10
— saddle-nodal bifurcation
sl
< 6l
ﬂ 11
3 4
2,
A
"\
0 L L L L
0o B 2 4 6 8 10

H/h
B 3 #HAREE T RETRENBRKESE MK

Fig.3 Solution regions and bifurcation curve under static

thermal load

4 fR R BERER

AT ERT BN RGN SR, TES
WESBOE SRR TR (14) B fF K2R 2.
A, ATEAUNTT Rl — DRI I R, PAE 4D
S BUP K M 2R R AT 3 SRR ER . 3
7a2N)T

F(a) = (fl(a7:u’)7 f2(a7ﬂ)7 ) ng(a,,u))T
WITTRE4 (14) 12 A

Fla,n) =0 (26)

A SEPXF AR LR T AR AL (26) B AR MY 2R F) R R,

B A E W TR

a = (a,as, -

da OF(a,p)

! —_
F'(a, ) i + o 0 (27)
da _,0F(a,p)
S il 2
=P (28)
HEFME a(po) = ao, ao = (ai0,a20, -,

asno) ™, FIF B MR KRB WA TR (28) s
(a0, o) HIBASMiZk, BRI MARZPETiRE4l (26) HO%
fh £&.

AL BB EAHRT, 2HNSIERF
AR TR (20) FRAE IR RD B0 % e, DASE
T/ SRR A i S BEATER B, DTS H AR 324
W R k. B 4 D9 SRR 46 JL AT R 7E
BERUWTA ] 75% B BEAL SR B i 2. & 5 AL

ZIRMEATR, ARGV #ET, TR (25)
0.2
— stable
o/\ - unstable
2 —0.2¢ . 1
o4l T, -l
—0.6 - - -
0 100 200 300 400
(a) H/h =1
0 — stable
. « unstable
_osl T,
3
—1.0
—15=
0 100 200 300 400

(b) H/h =1.175

0.5
— stable

« unstable
T o

..................
laee

—1.5¢

— 2.0

—-2.5

0 100 200 300 400
(c) H/h=15

B 4 #ASBhEA T E B RATT AL A7 2k

Fig.4 Solution curves under static aerodynamic load



868 il 7 L i 2010 £ FE 42 %
0.2
ol — stable — stable
............. ’ + unstable 0.1F + unstable
LT [(0)3
g g :
ol e
... _0.2 L e
_ g,
. . . —0.3 . . .
0 100 200 300 400 0 100 200 300 400
A A
(d) H/h =2 (a) H/h =05, AT/ATer =1
N’
B4 WA SR T RN TR R I 2 (%) 0.5 R
Fig.4 Solution curves under static aerodynamic load S e + unstable
(Continued) ...............................
3 —0.5
1 —1.04,
| N =
+ unstable —-1.5 — i -
..... 0 100 200 300 400
N AP FOPPPPR | \
\ (b) H/h =1, AT/ATs = 1
—2F J
0.5
_3 ‘ e — stable
0 2 4 6 8 10 of + unstable
AT/ATcr o5l T—
_ 3 e
(a) H/h =1 1.0 Foee
1 -1.5
o —20L—
— stable 0 100 200 300 400
1t + unstable A
3 I P TR e PR T R R T ERTRETRERY (¢) H/h =125, AT/ATe, =1
Y 0.5
] | T — stable
—4 ‘ Of K + unstable
0 2 4 6 8 10 ~0.5
AT/AT et
T/ Tc1 3 —10] eessesereen™
(b) H/h =2 —1.5¢
B 5 R H AT 8 R A 77 R I A 2% 2.0,
. . . _2.5 L L L
Fig.5 Solution curves under static thermal load 0 100 200 300 100

Wi T AL B R 2. B AT, A E ES
Tt B AR (R 55 TR IR B 2 P RE AR S 1 i IR
T, A5 F RS E h BEAE T 9 Lo R, H AR e SO
ik [1]. & 6 S5 AR B0 d LAt R AR T & 4F T,
TiRE4l (14) B3l 224k i A i 2%

HIE 4~ B 6 B2, AR BRI ILITH R, K
P AR T A E R, SO AR BE AR R B
Xk L B A S e RS TR () A AEAS ] ) P45
(ELFE A2 RIS UE 1), I B BE A DR U8 328 1 B
FAFRIZRAL, RO E PR R AR L. HX

A
(d) H/h = 1.5, AT/ATer = 1

B 6 58 RSB BT ARG T R W T R AL 0

Fig.6 Solution curves under static aero-thermal load

DR B2 5 T 2 48 9 ORI A2 () 192>
Br, TEAPIBLR L EVF, F 5 CORZZTE K i BEA AL
B (a0, o) = (0,0)) H 5 F 8k il 2 74 2 S s v B BE AL
WIS M k. Ik, A E HhRE AR I S AR
ArE, DN a(0) = 0 KFMETT 4, LIRSS



® 5 M

HRADHNSE ¢ i REAR A B T UL A 869

O T R D A o 2R AT ER BR AT il xt B 4~ 1] 6
I T R AR G (HBEAR SR 1) 75% K BEAR B RS
AR B RS B AR A 1 20) BEAT AT, AEAUE
SRR B OL T, B B/NEAIIG LA R K
1 BE AR 25 B T 30 & Hopf 20 8T A A2 sha kAR, TR
B BRI 4 TLAT 2R ) RE A 2 b TR AN - A
ST R A KA AT R T RN, BE AT
KIS HATE SRR ER; RN % BAshE T X
WAL, WORMEAT LR, BIERATR
ZINER A0 B3 JLART B SR B R AR o ol TR S - 45
R R,

5 & i®

(1) ZE7 IR B0 26 JUART Bty 28, B3804k 4
T, HEER R G N E R ORS TR (4) AR
MRS, BESHE0E RS SR ED
A Hopf 4 & M8 -40%.

(2) B 5 1 RE BT AE AR DL 450 T 1 0 S P8 AR T A
B, HENEHRETEOZMB R BER AL
B) HR, URS/NSECE X 75 1 R il 2k 3E AT
BRER ST

(3) HIBENR REFAAERFRBIR: RERED
A Hopf 4% RGEREHSE-44%. 3H, £
FEAS AT R HA b, RN & & 2R A SO ik
1.

(4) —EA&AT, HBERR R 58 R I A2 7E 2 1 JR) 5K
WL E AR E R A E. ERKKMEIT, 2

BEKEZURRBHEER, AR Td—PH.
2 % x W
LS, HEE. TR AR RS S

i, 2007, 39(5): 602-609(Xia Wei, Yang Zhichun. Stabil-
ity analysis of heated panels in supersonic air flow. Chi-
nese Journal of Theoretical and Applied Mechanics, 2007,
39 (5): 602-609(in Chinese))

2 Holmes PJ. Bifurcations to divergence and flutter in flow-
induced oscillators, a finite dimensional analysis. Journal
of Sound and Vibration, 1977, 53: 471-503

3 Holmes PJ, Marsden M. Bifurcations to divergence and
flutter in flow-induced oscillators, a finite dimensional anal-
ysis. Aotomatica, 1978, 14: 367-384

4 Sri Namachchivaya N, Lee A. Dynamics of nonlinear aeroe-
lastic systems symposium of fluid-structure interaction,
aeroelasticity. Flow-Induced Vibration and Noise, 1997,
3: 165-174

5 Bolotin VV, Grishko AA, Kounadis AN, et al. Nonlinear
panel flutter in remote post-critical domains. International
Journal of Nonlinear Mechanics, 1998, 33(5): 753-764

6 Cheng GF, Mei C. Finite element modal formulation for hy-
personic panel flutter analysis with thermal effects. AIAA
Journal, 2003, 172 (4): 687-695

7 Azzouz MS, Mei C. Finite element time domain——modal
formulation for nonlinear flutter of cylindrical panels. In:
ATAA-2006-1732, 47th AIAA/ASME/ASCE/AHS/ASC
Structures, Structural Dynamics and Materials Conference,
Newport, Rhode Island, May 1-4, 2006

(Fraethsh: x4 ™)

BIFURCATION OF THE CURVED PANEL IN SUPERSONIC AIR FLOW !

Zhang Ruili Yang Zhichun?
(School of Aeronautics, Northwestern Polytechnical University, Xi’an 710072, China)

Abstract
paper. The nonlinear aeroelastic model for a two-dimensional cylindrically curved panel with constant stream-

An investigation on bifurcation of the curved panel in supersonic air flow is performed in this

wise curvature is built in supersonic air flow and elevated temperature environment. The vonKarman’s large
deflection plate theory, the quasi-steady first-order piston theory and the quasi-steady temperature distribution
are used in the formulation. The Galerkin’s method has been used to discrete the mathematical model into a
set of coupled nonlinear ordinary differential equations. Then these equations are studied by using theories of
static bifurcation and Hopf bifurcation. The results show that at different combinations of control parameters
such as dynamic pressure, temperature elevation and height-rise of cylindrically curved panel, different static
equilibrium positions may exist. And there are two different mechanisms for the instability onset of the curved
panel.

Key words curved panel, bifurcation, inherent geometrical curvature, supersonic air flow, temperature
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