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Fig.1 Sketch of the electrode delamination and buckling
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(14,0100 + (1 +60,)010z 2 + 00, U12.00 =0 }

(1+€%)01200+ (1 4+)012 + 0% U150 =0
(1)
A 5(1)90 = o, 5(1),2 = peo/(p—1), U?z = EEO/(I_IU'Q)?
E QPR E, p AARLL, BIUIRR G = E/[2(1+
). 8 By = E/[(1+ p) (1 —2p)], KHKRRA
Ol1z = El[(l - N)Slz + /”Elz]
o1, = Ei[(1 — p)ers + pers] (2)

Olze = Gelzw

NS B KRR A
c1e = (1+e9)u1z 0
e1: = (14+eY)urs,. (3)
€120 = (L4 &V )urs, + (14 9,)urz 0

¥l 3) AKX (2), BRAKX Q) , B uie, wi- 4
Dbk G il

11Uz ze T G12U1e 22 + J13U12,02 = 0 } (4)

921Uz, + 922Uz za + 923U1z,22 = 0

K giy FHARLR BOAIIG RN A o0 BRE, LB A.

M Fourier 1E 5% F1 4% 5% TR 4338 4 K 305 28 #e
Ui (t,2) :/ U1, (x, z) sintxdr =
0
2 [ .
Uiz, 2) = f/ Ui (t, 2) sin tzdt
T Jo
Ui.(t,2) :/ u1,(x, z) costxdr =
0
2 oo
ui(z,2) = —/ U (t,z) costadt
™ Jo

X (4) 22
—g11t*Uie + 912U1e 22 — g13tU12. =0 } )
921tU1e 2 — g22t° Utz 4 92301222 = 0
¥ Urs, Ur. fBERITEN
{Uip(t,2) Up(t,2)}T ={UP, U}T e (6)

¥k 6) AKX (5), B
UO
{ 1z } -0 (7)
Uy,

[—911 + gi20?
ERER U, UY, HAF LA, WERE RHATS
KA 0, HIBERES

R14Ol4 + R12a2 + RlO =0 (8)

—g13¢¢

g21¢ —g22 + go3®

KA, Ris = g12023, Ri2 = 913921 — 912922 — g11923,
Rio = g11922- 0 (8) , HFIEMR o KIME H R EIIH
FALE o FRG RN AR e #5E. XF TSR] 0 B AR A R B
BFNASF B I AR €0, o HA AT IB:

(1) 4 NMRAER A SLH, RARA an(i =1~ 4),
VUEVA: N WILIE. v W RED 52

oo 4
U1 = %/0 (;FlAliea“tz)Fldt (9)

X, Ui = {u, w: 015 012 0120}, T =
{1 Iy tlhy tls; thy}Y, F1 = {sintz costz
costr costr sintx}t, Iy (k, i = 1 ~ 4) WHR
B, A1;(1 =1~4) f5&.

(2) HRFAERRA 2 XA, 45518 R R
a1 £if1, as£ifs (a1 > 0, 81 > 0, a0 = —ay, P2 = b1).
WAL, N 77 R R IR AT PLR 7R B

2 [ (¢ aitz A
U, = W/o {;e [A; cos(Bstz)+

B, sin(ﬂitz)]}Fldt (10)
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A A = {A; Ay, tCu tEy Gy}t By =
{B1i By tDy; tFy; tHy;}', Ky = &8 Ay + (5 B,
&S, (5K 4598 A, B,C, D, E, F, G, H) W%
C7 Al’i7 Bl’i (7' = 172) T#fé-
3 EFEENEHIAE
M35 e PR R 7 B8 12, R BRI A B

DHEAN

(1 + 5gz)02z,w + (1 + €gz)02zz,z + ngUQz,zw =0 )

(1 + 532)02zx,x + (1 + 532)0—2272 + Ugwu2z,ww =0

(1+ 5gx)D2w,w +(1+ 682)1)22,2 + Dgzu2w7zw+

0 —
DQZUQZ,ZZ - 0

Vs
(1)
K H, 8330 = €o, 682 = —01350/033, ng = (011 -
cis/cs3)e0, DI, = (e31 — c1zes3/css)eo.
ST N AR ) R, R AR AR TR A
(09, ) [ci1e13 0 0 esr | [ €20 )
02 cizezz 0 0 ess €22
02:0 (= | 0 0 cyy €5 O €22
Dy, 0 0 es—Air O —Ey,
L D> ) lesr ez 0 0 —Azz] \ —Ea )
(12)

KA i) AEBEAARKTEMEEE, ey AEBEE, \j
AN NESMBRIRRN

€2 = (1 + ng)u%v@

€2, = (1 + ng)ulz,z (13)

€2z = (1 + €gz)u2z,z + (1 + 582)’“22@
IS HERKRRA
E2.7c = _¢,w7 E2z = _¢,z (14)

B (13),(14) AR (12), BAAR (11), B v,
Uz, ¢ U5 TR

bll“Qz,zw + b12u2w,zz + b13u22,zw + b14¢,zz =0 )
b21u2z,zz + b22u22,ww + b23u22,zz+

b24¢,.7c.7c + b25¢,zz =0
b31u2z,zz + b32u22,zw + b33u22,zz+

b34¢,ww + b35¢,zz =0 )
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o0
Us,(t,2) :/ Usog (T, 2) sin txdr =
0
2 (o)
Uge (T, 2) = f/ Us, (t, 2) sin tzdt
T Jo
o0
Us,(t, 2) :/ usz(z, 2) costzdr =
0
2

o0
Uz (x, 2) = ;/ Us,(t, z) costxdt
0

P(t,z) = /000 ¢(z, z) costzdr =

™

oz, z) = 2 /OO &(t,z) costxdt
0

MAR (15) FI= (16) B Usy, Us., ¢ HREI ST
B
—b11t2Usy + b12Usg 22 — bi3tUs, » — bigt @, =0
bo1tUsg, > — boot?Usy + bosUss . —
b24t2515 + bos @722 =0

b31tU2z,z - b32t2U22 + b33U22,zz_

b3at? @ + bg5 P .. =0 )
(17)

B (17) MHIE K

{Usy(2,t) Uss(z,t) &(2,1)} =
{UQOx U202 QO}Qrtz (18)

R (18) FRARK (17), 1

—b11 + brar? —by3r —byar
borr —byy + bygr?  —byy + bysr?
ba1r —bsy + ba3r®  —bzy + basr?
U3,
Ug. ¢ =140 (19)
PO

X (19) 1 {U9, U2, o°} HAEARTF LR, FERHZR
BATH R A 0, BIRGETFEH

R26T6 + R247°4 + R22T2 + RQO =0 (20)
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A Q22, T3 = Q23, Ty = Q24 = —Q21, T's = Q25 = —Q22,
Rog = bya(bagbss — basbss) T = Q26 = —Qo3, FeHl a1, azo, ang > 0, WALEFN
R 3 AT R AR

Roy = by1(basbss — bagbss)+
2 * : gtz
b12(basbza + baabsz — bazbss — baobss)+ U, =— (Z I'yAy,e%% )F2dt (21)
0 i=1
b13(b21b3s — basbs1) + bia(bazbsr — b2i1bss)

KA Us = {uay uss @ 02y 09, 0osy Doy Doy} T, Iy =
Ros = b11(baobss + bazbss — bagbss — basbsa)+

(L af oy gy o) or) gyt Fy =
b12(b22b3s — b24b3a) + b13(baabs1 — barbsa)+ {sintz costz costz costz costr sintr sintr costr}?.

@) 2 @) _ ‘

b14(b21b32 - b22b31) 24 7 524 0 FJi (J =1~ 57 i =1~ 6) j(n_.l}ﬁi E7 AQz
(i =1~0) .

Rog = b11(b24b3a — bazbsa) SR A o A " N

(2) FRAEMA 2 DSEHRFT 2 X IEFERE M, 251

XPFRAE RS (20) , RRAEAR r HERARFRE  EA: o= au, e = ax +ify, 13 = an — iby,

ORIl 0 AR €0 ﬁfﬁa ﬁﬂg%iﬁﬂﬁgﬁ ry = —Qo + i, 15 = —ap — 2, T¢ = Q22 = —aQo1,
(1) FFAEMR A 6 PSR, 25384 11 = a1, 10 = (g >0, B2 > 0).

Uy = % /OOO {Age2218 4 e92t2[ Ay, cos(Batz) + Agz sin(Batz)]+

e~ %[ Ayy cos(Batz) + Azs sin(Bat2)] + Ange®?2'*} sin txdt (22a)
Upz = % /OOO {65 Azre1!* 4+ 22" g5 cos(Batz) + Eus sin(Bt2)] Ana+

e2t%[£3, cos(Batz) + E4a sin(Batz)] Aoz + e =22 [E55 cos(Batz) + Egs sin(Batz)] Ass+

e2t%[¢5q cos(Batz) + Eoo Sin(Batz)] Ans + 82 Asge®22t%} cos tadt (22b)
¢ = % /Ooo{gg)Agleazltz + €*2"%[(33 cos(Batz) + (a3 sin(fBatz)] Az +

€212 [(34 cos(Batz) + (uq sin(Batz)] Aoz + e~ 228 [(55 cos(Batz) + (g5 sin(Bat2)] Aoy +

e7021%[Csg c0s(fhtz) + Cao sin(at2)] Ass + (S5 Azge21%} cos tadt (22¢)

KX &2, ¢, exr, G WM F.
10T WL R 1 2 3K 1K

2 o0
Oop = - / t{Fl(f)Azlea“tz + e“ztf‘[rf;‘f) cos(fBatz) + ]"1(;) sin(B2tz)]) Ao+
0

eo‘2tz[F1(i) cos(Batz) + Ff? sin(Batz)] Aoz + e~ 2t [Fl(g) cos(fatz) + Fl(g) sin(B2tz)] A2g+

e~ [13) cos(Batz) + I{Fly sin(Botz)|Ass + I3 Asge®221%} cos tardt (224)
2 oo
02 = / HIG Azt 4+ eI cos(Byt2) + I53) sin(Bat)] Asat
0

e“2tz[F2(Z) cos(fatz) + FQ((?) sin(fatz)] A2z + e_a2tZ[F2($) cos(fBatz) + Fég) sin(B2tz)] Aaa+

et [TR) cos(Batz) + Il sin(Bot2)]Ass + I3 Asge®22%} cos tardt (22¢)

2 o0
Orus = = / {8 Agye®1t 4 @21 cos(Batz) + iy sin(Batz)] Aga+
0

e“ztz[]"?fi) cos(fBatz) + Fég) sin(fatz)] A2z + e‘aQtz[F:,f?) cos(fatz) + F:,fg) sin(B2tz)]Aaa+

ema2 (1) cos(Bat2) + (), sin(Bat2)] As + Iy Azge® } sintadt (221)
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2

o0
Dy, =~ / HI Agre®2!= 4 21 ) cos(Batz) + I3 sin(Bat2)] Aza+
0

e“Qtz[Fﬁ) cos(fatz) + F4(§) sin(fstz)] A2s + e’aQtZ[Fg) cos(fatz) + Rg) sin(B2tz)] Aza+

em02 (I3 cos(Batz) + Iy sin(Bat2)] Ans + I3 Anpe®2!*} sin tadt

2

o0
D, = - / t{F;f)Aﬂean” + eaztz[]}g) cos(fatz) + Fé? sin(fatz)] Ao+

0

e“QtZ[FéZ) cos(fBatz) + Fég) sin(Batz)] Aaz + e’aQtZ[Fg) cos(fatz) + F;g) sin(fBatz)] Aag+

et (I cos(Batz) + Ti(ly) sin(Batz)] Azs + It Asge®2% } cos tadt

(1

e T, (N =1~ 5, M =1~ 10) HbR %
RGNS eo BiE, WHE G. X2 E B AT
B, %z — —oo i, BRI, HE NIy, AL
YIN#ETF 0, AT%0 Aoy = Ass = Ase = 0. K (9),(10)
R Ap(i =1~ 4), 3% (21), (22a)~(22h) ) Ay
(=1~ 3) BABAE ¢ 9 RHL.

4 FRMUHGFHE

4 VAR B 2R e B e FUR A, 3 S AR
B BT B A
HRER: 2="h

Ulz(xah) = 07 Ulzz(xah) = 07 |.CC| < o0
JiZEAmE: 2=0
Cflz(.'I?,O) = 022(1770): Ulzx(«ryo) = 022.70(1'70)7 }
(23b)

|z] < o0

(23a)

0'12(117,0) = 07 O—lzz(x70) = 07 |IL'| <a
ul.’c(x70) = /U'2:c(x70)7 'U/]_Z(IL',O) = ’U,QZ(.’L',O),
(23d)

|z| > a

(23c)

DQZ(xao) =0, |:L'| <0

Ari(i =1~4), Ay;(j =1~ 3) H BB TR 1 %
G

Xt T 4R R AR HE AT e B B AR AE T R,
P AIE AR R T 4 I K R ORI e 53R 0, PRI
H bR BRI R A PR E BT RR LA BAR 4 AT

AELL A

(23e)

(1) Hff: 4 DS EHfR: 6 SR

(2) Ml 4 S A 2 SRR 2 X
SN,

(3) Wtk: 2 XPILPEEMR; EHA: 6 DR,

(4) M 2 XA, Eafdk 2 PSR
2 XL AR

HEEBER (1), HEr 3 MigERH.

(22h)
it (23a) 75
I3y Aye®th 4 Tgy Aype®12th 4 33 Ayze@rsthq
T34 Aque®13th =0 (24a)
Ty Appe®nt 4 Ty Appe®2th 4 Iyz Aygeisth4
TygAyge®rsth = 0
Bz (23b) B

I's1 Ay + I's9Aro + I3 A1s + 54414 — Fz(f)Am—

(24b)

I§y) Agy — I3 A3 = 0 (24¢)

Iyi Ay + TaoArs + TigAis + TiaArg — Fgf)z‘lm—

I Ay — I Ay = 0 (24d)
H (23e) &
I Agy + T3 Agy + I3 Asg = 0 (24e)
XFa (23d) , TG B R
d
fu(x) = @[ulx(‘rao) - u2w(x70)]
d (24f)
fw(x) = @[ulz(:mo) - u2z(‘r70)]

IS
Ap+ A+ A+ Ay — Agy — Ago — Agz = F, (1) (24g)
Iy An + s Ars + izAis + T'aAug — 5;?1421—

667 Azy — €63 Asg = P (1)
A

(24h)

Fut) = 1 [ u(6) costea

Fut) == [ fule)sinteae

$ 2l (24a)~(24e), (24g), (24h) 5 7 DT5RE'S FRE B
E X
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[ [ye011th  [hpecizth  [heoisth [y eonath 0 0o ][ Awu [0
Tyeciith  [ecisth  [yaeausth [ eouth 0 0 A 0
I3 I35 I'33 I3y _Fz(f) —Fz(;) _Fz(g%) Ais 0
I'n Ty Iy L —IY -y -3 [ Auwp=| 0 (25)
1 1 1 1 -1 -1 -1 Asy Fu(t)
' I I3 ry € &) - | | Az Fy(t)
0 0 0 0 ry o | 4s) | 0
= (25) A a1 A 4 B T =X (k=1~4) KT F,(t), Fu(t) BIFEBA.

AA =
A=F B0 A at) = [ Al Fult) + 1t Fu(0)/1A], (k= 1~ 4)

A KK (25) MAREHERE. 8K (26) REHEFEREE (27)
7. 3 7 IR BR TN Ay, KRG LT H A = (23¢) B

2 o0
— / t[FglAll(t) + F32A12(t) + F33A13(t) + F34A14(t)] costxdt =0,
0

Z N lz| < a (28)
; /0 t[F41A11(t) + F42A12(t) + F43A13(t) + F44A14(t)] sin txdt = 0,
¥ (27) RAK (28), BB
/ @) [ 1u(6) costeae + Qua(t) [ fu(e)snteag] costads =0 (299)
0 0
2 a a
-z ” d w (&) sintéd€| sintzdt = 0 29b
2 [ [@u) [ @ costeds 4 Qult) [ ful@psinesac] st (29b)
Vs
Qu(t (ZF31|A5z|)/|A|7 Q12(t) (ZFSZ|A61|>/|A|7
(i=1n~4)
Qi (¢ (Zr4z|A5z|)/|A|, Qaa(t (Zr4z|Am|)/|A|
50 (29), (29b) 7 ﬁﬁﬁﬂﬁj\ﬁﬂfﬁ
B fule [ Julb)ge 1 [ &K1 (€ 2) + ful&)Kra(€, 2)]dg = 0 (30a)
3 11 fu(® _
B2 fuw(x) + = df‘i‘ B [fu(f)Kzl(faﬂf)+fw(§)K22(5733)]d5—0 (30b)
Fu(©), fu(6) BT MM R (30a),(30b) ZAh, 3N i & 1 8% Bl 4 ¢
L[ ngae=0, L[ gu@ae=o, lei<e (300)
FavlE
1 > .
Ki1(& ) / [Q11(t) — Q5] costécostadt, Kia(&, x) = —OO/ [Q12(t) — QT3] sin t€ cos txdt
12 JO
Ko (§,7) = Q21/ [Q21(1) — Q37 costésintadt, Koa(,x) = _ng(f/o [Q22(t) — Q355] sin t€ sin txdt

:tlifgoQU() (7’7.]:172)5 1: ﬁ/Q?ga /BQZQSS/QSC{
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5 FARMOAENBERS (30a)~(30c), AT F| fl Gauss-Chebyshev F4r A, B
BUL—F R &R BT, IR ER#K £ = as,
XFHE 2 KM Cauchy BEAFHHHTELY 2 =al ¥ (30) BHeh

BufA(C / Ju gd i1 / PG (5:0) + Fo(8)K (s, O)lds (31a)
Bafr0+ L (g 1 2R3 6,0 + £ ()l Olds =0 (31b)
- 1fZZ(8)ds=0, = / fi@ds=0 (d <Y (310)

X
fa(Q) = fulaQ) = fu(z), [f3(Q) = fuw(al) = fuw(z)
f;(s) :fu(as) :fu(f): f:;(s) :fw(as) :fw(g)
KZ(S,C) = aK;j(as,a) = aK;;(§, x)

#T Muskhelishvilil'® % F 4 HF2 86, = (31)  Chebyshev B4+ =
B fu(s), fa(s) B — M AT B BOR =0

90s) y 1 (s
o) i (o) B F i) o v errer s D Dl
U (1 82)1/2+iw (32)
1. /145G 21 B EN o
=5 ln( — 6162) S; :cos( - 77), (r = cos (577) (i=1,2,---,n),
v (k=1,2,-",n—1).
JRFF (32) A, SEERANERHE 55 A [ I R F Aot S
1 .
1) = gl o —isnal] £2(G) = SFzo0) + £ (ons) } -
Fals) = ——=—lgi (s)sin® + g3(s) cos ) FalGe) = 3UFalon) + Fialonn)]
Sif 6= —yInl - 5?). {158 (31a)~(310) TAXT g (), 95 (s1) 10 20 4

B (33) FRARK (3la)~(31c), RIS RH Gauss-  FHREL R FRAE T REA

ﬂl [ cos 0, *( cos 9k+1 (sk11) — sin 6y, g* sin fg41 SO ]
k+1 2 2\9k+1
V1= \/ 3k+1 V1= s \/ — St

n Z { [ Sln0 K1 (54, Cr) cos 8 + Ki5(s4, Cr) sinei] gr(si)+

cos 0; . . " *
I:S‘ — Ck - K11(3i7 Ck) SmGi + Ku(si, Ck) COSQ{I [ (Sl)} =0 (36&)
_&[ sinf, sinfpy1 cosf cos By, 11
2

0 gt (se) + 2 gt ) + 2 g5+ O (o)) +
L= V1= %k 1= s YAtk o

0;
%Z{[;os 3 + K31 (84, Ck) cosb; +K22(817Ck)5m0]91( i)+
i=1

sin 6; N . . *
[— G K3, (84, Ck) sin b + K35 (si, Cr) Cosei]gz (Si)} =0 (36b)
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% zn:[gi‘(si) cosf; — g5(s;)sinf;] =0
; (36¢)
% izzl[gf(si) sinf; + g3(s;) cos ;] =0
A 0; = —yIn(1 - s7). H 3 (36) WHLEL F A5 vk
LERBTT R4
MG=0 (37)
X G = {gf(Sl)
gt (sn) g5(sn)}T.
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BUCKLING ANALYSIS OF THE ELECTRODE DELAMINATION ON THE
PIEZOELECTRIC SUBSTRATE"

Yang Changjin®? Li Yaochen'
*(School of Urban Rail Transportation Soochow University, Suzhou 215021, China)
T(School of Aerospace Engineering and Applied Mechanics, Tongji University, Shanghai 200092, China)

Abstract The paper investigated the electrode delamination buckling of the layered system containing a
through-the-width delamination between the metallic electrode and the half-space piezoelectric substrate based
on the finite deformation theory of elasticity and the biasing field theory of the electroelastic body. The layered
system in the plane strain problem is subjected to the compressive strain-load parallel to the free surface. Mean-
while, the theoretical model is reduced to the second kind Cauchy-type singular integral equations by means of
the Fourier integral transform, the boundary conditions and the interfacial continuous conditions. The singular
integral equations are solved numerically by utilizing Gauss-Chebyshev integral formulae. As an example, the
layered system of the metallic electrode Pt and piezoelectric substrate PZT-4 is considered. Numerical results
for the critical strains of buckling and the corresponding delamination buckling shapes are presented for, re-
spectively, various ratios of the delamination length to thickness and the effect of electromechanical coupling in
the piezoelectric substrate. The curves of the singular oscillating factors in the delamination tip with respect

to the ratios of delamination length to thickness are also given.
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