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KIEX, AHARTBRARINELN. EXT
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dain JEHH Gauss JAHE, H 3 H T Hamilton JRIF]
Hamilton IEM 8. M4 EE AT B A
HURA T B Lagrange 5 #8. Nielsen A F2#1 Appell
J7if8. W8T Lagrange TREKH KA. B TH
FULRRERANER, FHT SRHETEEXM
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Kirchhoff {i %€ A ¥ £EHT I B BUL R BLHR4E, BP
AT UL R B T W 2R DL “BRATERE” 2 BIEL
. BRImES LA R Z L RAE R WA A B diF, A
HHIMERESH 6 MBIRHE, BIE LAY E.O
MEAE 3 LR

BRI R O-En¢ F158H B % KB L
FHMIRR poyz , KA RAERE T A
eg, eq, ¢ Fll e1(s), e2(s), es(s), He s AL
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BRYE es —HRBREILH sT, /A s~ H
Euler f ¥(s),9(s), ¢(s) #ik THIALFR R p-zyz HXT
R O-6n¢ MIEA. HRBREHMETTERA
E=¢€(s), n=n(s), ¢=C(s) } o
Yv=1(s), d=19(s), v=1¢p(s)
Ha (1) X FIABIR s A P ELTTH. X 6 4
IR A M AR, (AR EE
P = €3 (2)

Xt s @ HAMSL, Xp r APOLRIRE,
WE R SRR s IFH, KFAH

£ =sinysind, 7= —cosisin®, ( =cos? (3)

JiRE (3) —RAFRK, MR B ARANEZEL
W, EEE K H RO 3. TR B B Kirchhoff
AR AL RERIBATE RORIEL W E LW
&4, 203K (3) BBE HhLI. B MX MR HOY
AR LTI RARNIER KA LR

AU B S AR AR K AR LR AR B 1
T, W w(s), REEmMesER

wy = 19cosgo+d')sin19sin<,o
wy = —Jsin ¢ + 4 cos @ sin ¥ (4)

wg = gb—}-d.)cosﬂ

1R th T A D AR S PO R E [ LA AR
AR PR AL B R B A

2 R, ARFEMYEH
AR =S 18] A i h T2 PR B O AR
g€y e, C) =0 (5)

k. WA R E A/ MR E, BAELSE LR
Al FHRARYRIERE K, B BERmY
RAXMFRETE RO ENE. EREMLA AR
H— R SR, Be

p=7+b (6)

K p AARME EWE;, v = fee + ne, + Cec
ABEORIREE, b(s,t) A s BEAAR ML
1, t ASH, | bXT st B _MrESRIE,
Hb-e3=0, 7E p-zy F I Bl R H X3 M.

X
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B s, fETEME—H— ¢ = t(s) W (6).

£c=£+b§7 77c=7)+bn, Cc:<+bC (7)

KA be, by, b A b 7ERN &0, ¢ LB, SUixHHF
BEALERARTE

g€ +beg,n+by,(+b) =0 (8)

—ELT, K (8) BE s BRI EH I, HAm
AR B FEAT AL A

g=ne-F+ngbiw-(bxn)=0  (9)

K ne HARMBEAZM S RIERE; TE o 5
EARELTHAIRER poyz X s K8 K (8) 0
K (9) BEARTE 89 SCARSRERN B B RE SR B 5 0
2. B MAR D BE L O, 5

fC=x,, m®=bxfC (10)

Hi A ARERT. N TFRBLSREN, HXE
S =fC . es =01 mC =0. WELRHAE, N
BEMSAREEN

A=fn.20, 8 A=fn.<0 (11)

RPESHEREE. UL ES#TBIZHA
HE 2R E .

BE O-En¢ FI— AN ERE b, BEBE
MEHMEN MHRIERBAR. EBBARNEH
HERLD. Fln.

(L RETBHESAES M h®EE: w-h=0.
BAREMVRR BTN, EHART, FRED
HHEEN 2.

) BETHESAEN A h FIT: wxh=
0, HAREABERTHYN. BENEHENTE,
AWRPBEZEMETBERMIE, Kirchhoff 5F2
FRELIX— AR SR B K

(3) K EBRMTHEHIE T M W=
u(s), & s WA u(s) > 0. F] Euler fA&RN
P? 4+ 9% + 92 + 2cos 99 = u(s), ‘B AR L A
HIAEL M IE R AR,

3 EMBREREAE
BYEEICRY, EFMEERE (M) Rk
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FEEEQSE poy PHEEREOMLE. B,
HBELKETTERA:  Ris) =r(s)+ b, H
b; = zie1(s) +yiex(s), i A s BEH L EHIRS. FRE
B W 40 3R 2% MR 0 P48 4% A B L T Dk AR D ) SE B P
R, REEREAREM WAL TR A B i o] §8-°F
BRA.

EX 1 (GAMEEME) : ELRFERS R
T, sBEL—AMELANBEH

ARi = Ri(S + AS) — Ri(s) (12)

EX 2 (HEATHALE) - ETREPERE R
T, s & E— AR RAEE Y

ARi = Ri(s + AS) — Ri(s) (13)

BRXBEK ‘B AREHNFBEX LN, ESFE
AR BEREZ .

EX 3 (RHEME) . EHREMETREN,
AW TR, BAEK. SIRAIRERNER E—
AR TRMIBHRA SRR, 188 R, K6
AERRAS.

BR, —RHTRABREMNBFH—1. BE
2 B 7E T T BE AL B IR T IR AR AR R4, T A B
REFFE L LY, SWALRTER. BRI Kirchhoff
R E R E, [R—BU LA R = i R AL R T2 A
T ¥ K AR T .

EX 4 (BEEBALB) : ARFAFE. 5K
MFRARLTE SR, AR BEE T RN AL R R SR
EAME, ik o

BHEANBIBERE, EHETH
AT RSP ARA. BT D8R 80 B A B AN Y
HEF DL X INALAR B S 4. AR F 3R 43 IR A 32 2

E
d d

35( )= 53( ) (14)
UEsy . 4
—(0R;) = dv;, —0®=éw
ds ds
i (15)

HA v; = dR;/ds. d,0 FRKIRE FRIBE M
THARRN. AEBE r(s) EW—E Ri(s), B
WTFRFR

SR; = 6r +8b;, 0b; =3® x b; (16)

R B BT :(6 = 1,2,3) J5, BMEHSH
BRI AR I RN A

3
=1
3
0P = qulﬁqi (17b)

=1
HA wg, AESBIR (0 = 1,2,3) BAIRER
. RBEE A R LAR

gi(q17q27Q37q47q5aq67s) =0 (1’ =1 EZ 172) (18)

Hifqa=¢,95 =196 = <. AR (18) IERMNH L
B BRI AR A

6
6g; = Og;

= %%

6g; =0 (1=181,2) (19)

RN — A HB
hi(qu, - ,96,41,

FIARTRRARFREH. EmERLSE LR HED
FE# Appell-Chetaev g XA

,46,8) =0 (i=18¢1,2) (20)

6
Jhi = Z %qu =0 (21)
= 9%

HTBABRERNE, AKX 3) BUERALR
J7#2 (20). Appell-Chetaev & CEXS I SEBARFK
# (20) BRI —A e 1920
M 293K (9) e A bR as (B A7 £ b A9 RR il /]
A
dg=n.-or+(bxn.) - §¢=0 (22)

HP WP E TR T ESLITNZS, ESART
i B ThAH 5%

Mg = fC . 6r + mC® .58 (23)

HEARNENAEME LIERITIAE, XMy
FONEARLAR. ERERR, BTR (3) BOIER
BYYW, USRI 8 o BT A T AL
F7 PR A,

4 WMEESRE

BV BEFEKHS RS AT s~ Bl Ll
m; AR ERASR R REA by, BSEm: KA
BT A, HERRIA —pi- 2 s BEBH L0
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“Bah” 2 s+ As W, m BB B mi [, KA
b+ Ab;, N J1A p,+ Ap;. HRBITH B3h” B
P TTAE Vi WTTIR BB AR B or A 6 45 HH.

Wt B, (EREV ERETR IR Z A

Wp =3 [(A,-Api + fOAs+ ffAs) SR+

(ARZ- x Aip; + mfAs) : 545} (24)

Hep f7,mE AESIAMAOBAT MBI s WE

B, FCAMEAR XTI s f4EE. ¥

REWBRLL As, H4 As >0, igH Wp, FiLE

B

Wi =(F+ f¢) - 6r + (%“3 xF+mG) =Y
(25a)

fC - 6r+mC.56=0

Hr

(25b)

F:ZA,-pi, M‘:ZbiXAipi
fG:ZfiG, mG:ZbixfiG
F=35% mC=3 (b x £7)

30 (25b) A EAELAH &M, XT B BB B R
.

A AR H A (R B ab K B 7 2 R 5 R P N B
A28 B B R AR, FE AR ZE T I REE R
AR, # Kirchhoff 12 HHl, X382 “Bt[A]
T

D’Alembert-Lagrange [fI8 4 BN HZ
W Kirchhoff M-P A, %t 2 BARL R4 (25b)
BEREMTE, A

Wy = (F+f%)-6r+ (d—dti +es xF+mG) 5 =0
(26)
A (26) TEANFEEARESH. Mook Vi B isE
FHEITRERN
AAp, + fFSAs+ fFEAs =0
(27)
AR, X A;p, + mEAs+mFAs=0

¥ As ZRp B, H4 As = 0, FHBTA Vi 4

As — 0 B4 5 2 T7 2
A+ FE+ fE =0 }

(1=1,2,---)% (28)

R,—xAipi+mf+mf=0

¥ SR, F1 6@ 513 g (28) M=U)E AN RT @ K
M, FH (25b) BRI (26).
JREE (26) A RATHIAM KR, WAFIRMEE
S P
M1 = A(w1 - w?)
Mz = B(wz - wg) (29)
M3 = C(ws — wd)

XH A, B ART o,y BMIKPLERIE, C AXT =
MEPTHENIEE; o) =wi(s) (=1,2,3) HFEHKRTH
BEas. B a(i=1,2,3) FRER K 3 4 Euler £,
FEMTFRER (8
d dw _ dw 0w
dsdg; 0Oq; Og

AP FIRS R AT RN S S

xw (i=1,2,3)  (30)

im B
(KJ““’XM)'&L- =

d 9T or

al - = 1.2

596 " 3 (=129 (31)

AP T = % [A(wl w2+ B(wy —w)2+C(ws —w?)z}
A s BEM BN REGE. i mf —esx F, FHHE
(26) B F /4 Euler-Lagrange £,

3

WB:(F+fG)-6r+Z(d or._or
=1

dsdg;  Og;

m, +m§ g, =0 (32)

FH mé’: =m? . dw/dq;, mg =mY . 0w/d¢;. XtT
ANZZ 3 B A TE AR 5716 B REk S T, BUE L
BAFH, #HM F ABRESESAERE, &5 ¢
WEAT, WBA

F = F(sindsinype; +sindcospep + cosdez) (33)

TFERFR
(g;: X 63) -F = azl (F . 63) (34)
51 2B R EK
r=T+Vv (35)

HpV =-F-e;. & (32) AIEfE

3
3]
WBzZ(%a;—g—g+mg)5qi:0 (36)

=1
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JREE (36) AT {LAE Nielsen JE 3

i (2L 55 =25 TmE)in=0 (3D
1 Appell JE3{
é(gngmg)aqi:o (38)
Hrbwsg 11 € XA

1
1= E[A(wl - &)? + Bl — w9)*+

C(ws — wd)?] + [(wx M)+ (es x F)] - w

(39)
5 Hamilton [EIE#1 Hamilton IEN|AiE

=X (26) 3R ds JEXT s WK, WAERD

! !
/ Wl")ds:—/ (M -dw + £ -6r + m® . §b)ds—
0 0

(F-6r+ M -§®)|;=0+ (F-0r+ M §P)|s= =0
(40)

T BRI A K &G T, BEERNFER
®. JRE (40) {bA

! ! ;
/ Whds = —/ [M - dw — 6(F - eg)|ds—
0 0
(M -6®);—0+ (M -68);=1 =0 (41)

WRFF AR AR R (29), K (41) f4

L L
/ Whds = —/ (6I)ds — (M - 6P) 50+
0 0

(M -6b)y—; =0 (42)

HESHAES, EREIMA S NERXR, R
(42) fL4E Euler-Lagrange £

or
/ WDds_/ Z ds 3q, 3q1]5qi}ds+

[ (G~ el
[

M

1

o
il

( gé: + M - wi)éqi] = 0 (43)

s
Il
-

'Mm

EZRINEAME ¢ KT R LRE S
(6gi)s=0, (0qi)s=t HIBSLPE, MK (43) FH
d sor ar )
E(aqi) B q; =0
(8F
9q;
( or
9q;
R 1 AR RATH Euler-Lagrange JE i) F 4
WA R, BERTENFEPHLE 2 K Lagrange Jj
2, REM I' HfF Lagrange %, BNIGoMEN R
86 T thiEshAE, F-es LEHRE. F 2,345 ER
ARPRYGHE K R & BHIER, X (4) PR
BRI S B R &% BR LT A
Sr1aRE (42) (LA R

—M-wl) =0 (i=1,23)% (44)

=0

+ M- w1> =0

7

l
S= /0 Ids (45)

SR SR M (8¢i)a=0 = (8gi)e=1 = 0 (i = 1,2,3)
THBMERE. R S AEEFE Hamilton {EA R,
nA:

Hamilton [RI2 BR¥GASNRSZ SIVER I3
3L B P AR S S TR PR S X HIE T H
fF# AT Y Hamilton fER B EUHME, BP

§S =0 (46)

JRE (46) BRI iR BN EIRE. B
SR, RETEMEETRAFGE, B Hamilton
£ B BUR/ME.

SIAIEN &
X Hamilton K%

H(ql,q27 Q3,P1,P27P3) =

(i?iql‘ —F>
TV (47)

BHEHHEMTH, Fi
. _8H . OH
qi = —3_])_1 y Pi=— 94;

B4 Kirchhoff #FFE#7#) Hamilton 1E N /712
6 Jourdain T4 5EINERIE

TEALERIFARIBIR T, AR i, BA8
HOBRTE P — R IR ALAR B vy = drri/ds BRFERR

¢, pi =0I'/8¢; (i1 =1,2,3), &

4;=4;(91,92,93,P1.P2 \P3)

(i=1,2,3) (48)
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AREEEE, 324 dyv.. BR 6 A Kirchhoff /1§ Jour-
dain 284}, WGAL ) B R R IR S B REAXT IRARFR K
AR, B AR A R R R R B
THE.

EX 5 (BB HE) ERSFBm ALK
B, AT RFR, SRR REK, BRER
BESHERNLREE CAREHE, b dw.

MK (172) FHESHEA

3
6](.0 = Z (AJq'l 6Jq1 (49)

i=1
LAERANEERRMESHE, FEMTRR

5].‘Ri:5j'i'+6jbi, 5Ji)i:6wabi (50)

23R (18) A0 (20) e 25 4 B b &) BB 05 72 4 )
A

[

6ng Z

i =0

(51)

6
JJh —Za 16](]‘7—0

1=1

BRI Vi LA e EE LR EIIR W)
A

Wi=(F+ 7€ 6,7+ (%+e3x
F+mG> Syw (52)
LS AR AR R &M
FC 87 +mC 5w =0 (53)

Jourdain JRIE SHEEWEARE Kirch-
hoff FF-F#FRY, i R EBAREKH (53) KAEEE
B, BEERNIMEDRAE, B

. aM
W}:(F+fc)-6ﬂ-+(¥+e3x
F+mG>-6Jw:O (54)

ATH] Euler fiFRRA

W3 = (F + %) aJr+Z[ds( aq)
Mg;+F<g;: xe3>+mG-gqi]5qu:O

(55)
Jourdain JEIH 1 i M8 K 3K B F AR S S 4r
BAR, ESHERREREFERESHXH.

REEEIR FARRE, EEER (34),
3

K (55) L

3
Wi=3o [ (0 57) MG
1o}
9q;

WL AMRE (29
Lagrange JE R

(F - es) + mg 8,6 =0 (56)

) B, X (56) {kAF Euler-

3
W}=Z(iap—a—r+ >5J¢ii=0 (57)

— ds 0¢; Og;

[ 2t AT {L{E Nielsen JERFI Appell 3.
7 Gauss TS5 Gauss [FIE, Gauss
R/ R RIS

7ELRFF AL E AR R B E N TR T,
VR FR R, BRI A — S B I AL BRI
dv;/ds BB, FRASEEMEE, iEh
bca; , R 6c Xy Gauss 4. 7E Kirchhoff € TF,
) — BT AN [R) 6 0 R I 538 R T A2 A ) R o o
& bga, Ht a=dw/ds.

EX 6 (BEEAMERE) ERFREMLENE
HEMATRT, ARAAFH., SMAAFREBHT R
. BRAR R T A R B SN R AR I
LA dco.

B (17a) FAMERE K &L, AmEEKN
Gauss 28434

a; =

3
dgor = qu,ﬂéG‘.ji (58)

i=1
£ R EANEEANE A IEE, FEWNTRAR

bR = 8g7 4+ 6gb,, dcb; =bgaxb,  (59)

Y43 (18) A1 (20) M7E Euler [ A MEJE b 1B HI T
BN
Scii = ggl Sad; =0

7=1
(60)

5Gh = Z (9 (qu] =
=1
Vi LRI S EmE R BE AR W e B AR
*

£€ bt +mC bca =0 (61)
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TA
. . dM
Wg = (F + £6) - 8+ + <—(—i?+e3x
F+ mG) o (62)

Gauss AE ZHHMBNHEHAKRE Kirchhoff
PR, XTiE R B AR (61) FMATE B InE
B, A&

: dM
Wg = (F + f) - b + (——+

ds
e3xF+mG)-50a=0 (63)
5 Euler ARRA
ow
Wg = (F+ ) 5@T+Z[ (m-52)-
Ow Ow a Owi. .
M - aqi + F- (é—q: X 63) +m> - aql](Squ(6—4;)

Wg = (F + f€) - dgi+
3

Z(%an )Jqu =0 (65)

=1
Gauss JRE R H T #E KL FERSS M E
MBS HEAEE, {5 AR R B ]IS
X5, XA Kirchhoff #T iHIH i ¥

z=3{afor+ 5

1 2
B[wz + 'E(W3M1 —wiMz+ By +m2)] +

2
Z(W2M3 - (.U3M2 - Fz + ml)] +

Clas + —é—(wle —waM; + mg)]z} (66)

A m; =m e, FMERRAR (29).

Gauss B/ REIE: Kirchhoff FFH{F—&H
KEIK AL bR ) SE bRz shAI AL T S B AR, {EMAm
EEAROTREE R, MR EHE Gauss &5
THUEAE, BiF

562 =0 (67)

WWHATREZ MR 27 55XpREsh K
Wk 2 2%, A
bgZ=2"-27= %[A(A&.zl)z + B(Adz)?+
C(Aws)?] >0 (68)
A Ad; = @f — ;. AWTTERH, SEBRE 3R MK #)
HEUR/ME.

8 F#HMoHIE.
PN E AL
%tF B B Kirchhoff #f, #TH LML AN E A

B or 6 HREMME, MK (26) FHi Kirchhoff
HE

BXRGUAR MR

d .
AM | o x F+mC=0, F+f=0 (69)

ds

M (32) S Lagrange 2
d T OT
dsd¢; 8q;

F+f%=0
M FOHERER, B (36) 5
dor aor

ds 8¢ g

FIE M (37) # (38) W FHi Nielsen J7#2#1 Appell
FE. UIFRAEAREN (18) & (20) F, & 6g: A
sz, ZEELAHREK (19) B (21). WK (32) E'f

+ml +m$ =0 (i=1,2,3) (70a)

(70b)

+mg =0 (i=1,2,3) (71)

HiH R T 1) Lagrange 77 2:
JUTART
doT T . &
ani - B, +my, +my +
182 8
Z Aj gf L =0 (i=1,2,3) (72a)
. 1®2
F,+ S+ Z,\ —0 (i =4,5,6) (72b)
EZBART
doT 8T . &
50q;, o e T et
12
3h (1=1,2,3) (73a)
. 122 Oh;
Fi+f8+ Z 'a— =0 (i=4,56) (73b)

AT HLAE Nielsen 8, Appell JEX K72,

M m§ =0 B, R (71) SHFFLM Lagrange
TR e
d oar or .
aa—q;—%':() (1:15273) (74)
FoE AR FF) KR S R T AR R B ) S
SR T AR L TR FF.
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(1) & or'/oq; = 0, MIFE “BHFRD"
or/8¢; = c,, X c; ARDHEH. HYEERLE
BHERERT ¢ NoBFIE.

(2) &/ OI'/0s =0, WA “BREBMN": T -V =c.

MNTEHERE, FEFETHERRE V 5
# 8V /8q, = 0. #% Kirchhoff B fj2£ g, Xty T8
HRFEASHE, BBEHAT, PHREN

=0 (i=1,2,3) (75)

REFRGA F3 AR/AME. HR (33) 1 (75) %1,
d=nr (n=04+1,%2,---). Y n HHEHAEE, A
B AEEE, BHRGHEN B MR HER
TRNAPIEE, ZEARE. WM EHRE
KT AR Lyapunov fa .

W5 Kirchhoff HAE 5FH LEFER AHMIE
. XA ERMSIMEANHRMKHRNE. &%
BB ISR 54 s 1 s + As, $ ds ek
(74) FHEE s F0 s+ As WFS

/3+A8 ( d or ar

+ mq,)ds =0 (i=1,2,3)

dsdg, g
(76)
F AL E K
ar
A(aq,i)erq-,:o (i=1,2,3) (77)

s+As
ﬁ¢m¢=/' mgeds. O RT3 12 o R
BTER. BRI LB Kirchhoff {82 B BT

&, EERSIMBAR (77) MBS HERRE
AR R A R,

9 & it

(1) ¥ B M A B ERE R OMES
o6 AT AR, HTHRE— M ERBARNKE
TR B BN 3. XM EEBAREEFTLARS
BLAE B 3SR A HE A .

(2) R AR, BT LA FRE
8 B 254 5 2.

Q) WL THHEBRES T IFELBHEEY
AT P A e R S R BT
D’Alembert-Lagrange JE 3, Jourdain JEI_ Gauss
JREEFN Gauss /Ny 5B 7.

(4) #R4E Kirchhoff 5 fy%2 Heftl, SMEARFT 8/
Hae R BARL T B8R 5t sh J12% 1) Hamilton JE{3E.

BSLT B FT P4 R R Y Hamilton JRERFN Hamil-
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ON ANALYTICAL MECHANICS FOR A SUPER-THIN ELASTIC ROD Y

Xue Yun*"?)  Liu Yanzhu** Chen Liqun*
*(Shanghai University, Shanghas Institute of Applied Mathematics and Mechanics, Shanghas 200072, China)
T(School of Mechanical and Automation Engineering, Shanghai Institute of Technology, Shanghai 200235, China)
**(Department of Engineering Mechanics, Shanghai Jiaotong University, Shanghai 200030, China)

Abstract The investigations on the problems of equilibrium and stability of a super-thin elastic rod as model
of DNA supercoiling have became an interdisciplinary area of classical mechanics and molecular biology with full
of activities. Although there are papers using the methods of analytical mechanics to discuses some modeling
problem, but the theory on analytical mechanics of a super-thin elastic rod has not formed systematically. In
this paper, by applying the theory and method of analytical mechanics to the modeling of a thin-elastic rod,
the framework of analytical mechanics is constructed for the equilibrium of a super-thin elastic rod. For the
cross section of a rod, concepts such as freedom, constraints and constrained equations and constrained foces
are analyzed. And various variational principles of mechanics, such as the D'Alembert-Lagrange principle, the
Jourdain principle, and the Gauss principles are established. The principles are applied to derive the Hamilton
canonical equation, the Lagrange equation, the Nielsen equation and the Appell equation. For the case that
a rod is subjected to constraints, the Lagrange equation with undetermined multiplier is presented. In the
neighborhood of a singular point, the equation of equilibrium is transformed into the same form as the one for

collisions.

Key words  super-thin elastic rod, Kirchhoff's dynamical analogy, analytical mechanics, statics, virtual

displacement, variational principle
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