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Fig.2 Sketch of stability regions. Reproduced

Fig.1 Schematic of the model
& from Ref.[8]
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AR M, %S F RO R A A — BRI RRI— XA B, T4
Mg N F 2800 B B E S 3R A A BT i 4% 4 (codimension two) 4370 Bl [B~11] L
by 33 DT B R SRR AR A B O, A SCRFT ST R S X b o PSR, DAk
35 T AR R B R B AT T R R A R B TR

1 EHRAFTERBURS

HI8E 1 P 5 EACE A S Wi IR R o JORE EREIm A E, y FonEIE
LR (W BE T8 1 B BB . 7E o = oy A —PRHESORRGES AW . 4 ooy T IE R T 1S
shi s i A Emy B

Py My T2 _ 0%y o Py
dy 9y g
(M + m)ga + (M + m)m + (Kyy + Koy’ )d(w — ap) =0 (1)

A BT A ESSHIEE, o % Kelvin-Voigt BEMEHB RE, L o 4540 ERERR
ke BER R, M oy RERERE, U ARERE, K, YR BERNRE, K bhFERE
a2 W B PR EERIRE B, g YT Him#AE, 4 24 Dirac delta pR%g, ¢ AWFF, fREH
EHE A y(x,t) MR T L J2/NAL.

IV IF A e L AR e )

oy T Er 42t (M 1z o M+m
=1 5 '_(M+m) 2’ “’_(ﬁ) UL, v=—gr 9k @
) M El \3a L L5 oy
A= M+m’ - (ﬂ.;f+rr.=.) 2’ i ZKlﬁ‘ k2 ZKQE‘ &= L
e (1) EREHMALUSE, FIHMAE RS Galerkin 22K
@
(g, )= Z%(é)rﬁ(ﬂ (3)
=1
YA T B b, £ 3 2 A S B R He 5 AT 15— B o R 41
X = AX + F(X) (4)
A H
X = (a1, 9,23, 24) ", F(X)=1(0,0,Fy Fy)"
T =, T =g, T3 =gy, Ty =2
0 0 1 0 ]
o o0 0o 1
A= (5)

)  dz g 4
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A (3) i = 1,2) 40 B IR S, S5 B i e B
@i(€) = cosh (M) — cos (M) — oy[sinh (A;€) — sin (Ai£]]

a; = (sinh A; — sin A;) /(cosh A; + cos A;) (i=1,2)

A = L8735, As = 4.694

it (5) ':F' a; F "Ji!['t'.- = 1|2|3|4)| Fy, By E{]%ﬁﬁ, Mﬁﬁﬁﬁﬂﬁ*tﬂﬂﬂlﬁ €, bsr, Cor, dsr,
Esrs Jar(8,7 = 1,2) HREMFERL, ERWTREAELCHRE SN, T&HCHE [8] Gl
= (8).

VTRt e, BE v = 10, & = 0.82, ke = 100(Z& W 3CHR [3])) , HERE uw ko, 8 AT
BEY, HE p=(uk,ad)T. BRANEBEDR (4) PR AR p HEY BFRX)Y pE
K ATHH ARM p BN, DUPEA A, RER A, FHIEL (4 BEH

X =A,X + F(X) (6)
B A, R AEE ) BT 345 G 5 7
QY H P + Hy* + Hy2 + Hy =0 (7)

A

Hy = —(ag +ba), Hs = aghy — baaq — b2 —
Hy = ayby — byag + beag — ashy, Hy = a1bs — byas

WBR, BRH, KETEH . B = py B A, BA SRR — 0] 28 45 4F {1
AXFEHREE p 46X TR po (RENET B 2 a5 MB) BT b AT 4. X
A BESRAE = g AN IR P

Hy = H{Hy, H; >0 (8)

Hy=0 (9)

N (8) A ko FRAUA (9) , BIRTAFH wo(o, ). ¥ wol(o, 3) FHREIZ (8) , {733 kiola, 5).
XFE, FWAVGIMEE T28 (o, ) TR S

1o = (uoler, B), krola, 8), , B)T (10)
Ay, B4R

D=0, (hy=Fiw, Qy=-H <0 (11)

A wo = /Hs [Hi.
AT REAE po SERIEIEAT A, SINGTEEHK

§=(8 .67, d1=u—u, da = ki — ko (12)
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)
o= prg + (81,82,0,0)7

e p= o SEL, J7FR (6) ATECS AR
X=A,X+F(X)=D;X + F(X)

4 6 =0, HITFEMNNTRERL.

2 EHSHEMENEEK

Bl
X =VY
Kb VR A, WEHES BAURIGREE. EAH (15) fRAR (14), 8

dY Jdr = (J + As)Y + f(Y)

A .
D —uwp |:|
Jo 0
J = [ ] y J. = W 0 0
0 J;
0 0 0
Ji = —a( X + X)) = 24/Bulbiy + baz)
;
— [ -‘ar_"l -;1{,*2 ]
A; =V I (Ds - Dy)V=1 -
Ap Ap
FY)=V 'F(VY)=(f.fd)", Y = (y.va)"
y.= ) €ER,  y=meR
HE FO e e P KR S B B3Rk
FY)=-f(-Y)

ERE L, TR (16) ATk A F LW IE L —4 = R [0
dy fd7r = (J. + Ay, + f.(¥..0) + O(6F [y + 16]ly.[* + |v.)
A A, RIKBTSHE 6 093 <3 M, HaiEd

4 1
tmn = Ums Y @iVin + Uma D biVin , (m=123 n=123)
i=1 =1
e 1
a1 = —(2ugciidr + gnda), as = — (2ugciady + giada)
ay = —va.g"ﬂuﬁh ay = —2»”.‘?")1261
;
b1 = —(2ugea1dy + gaada) by = —(2ugezedy + goods)
by = —2v/Bba1d1 by = —24/Bbaady

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)
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AR Vi Uy A9 ERERE VO R R VT RS T FlonE. HAREER |6 <1
B 0L, HEBE J. + Ao B EAT T B R

v =G(8), = G(d) +iwd), m=gm—mm=@,}

v,y G w E R, iy, 1 € C

(22)

A, M08, G(d),G0) =0, T w(d) = wo
JCHR [10] HREH TR (19) 6240 IEMLY (normal form) BREGNTT ¥, X AN HEGE B4k
poAsud R, FE (19) BIER TR A
% = p(&y + v +n2?), % =wy + 810 + Zp2?, :—f = z(C + 8p® + £2?) (23)
A y==+1, e==1. F(23) BF . F=WHAG o LR, B E Rk 2 s 67 2R
LR E AT XH, BEEHE-D TR
dz

| ; . ) )
% = p((1 + "mz + 'rjzz) , i z((e + H,ﬂz + EZZ:I (24)
[ [

T, JE AT XA T TR R R 4 4 B SOR T S R B A T B T R BhAR AT
Ao BR TG R PEBT LS, AR BLT, TR (24) BMAIEUTRR (4) BIfERE ER
FAR TR sk b A 1101,

3 R@ae
AR, T (24) MRE v, n.c, 0 KB T EE o B 5. B TR EIREN, EilEE
BEAE (8) 1 (9) WEEA, v=-1Ln<0,e=16>0 BELITE (24) a7EH

? =plG — 7 + 02, [:_z = 2(Gy +0p® + 27) (25)
dr ar

A 0 < 0,6 > 0. FHTEIH (25) 6 THALLE. BT IR (25) KT p Al 2 HiE R AL,
LA T S B B T
{1} (0,0); {2} (VG.0,G>0; {3} (0,v/=G). <0
{4}y (VG =G/ +80), /=B + )T+ 00)), (G —nke)/(1+8n) >0,
(BG + G) /(1 +6) <0
TiFe (25) 2 A %l Jacobi K N

¢ = 3p° + nz? 2npz

20pz (o +0p* 4 32°

764 P4 5 A 5T Jacobi R 4 AF (8 {8 BT DL A S p e i, R R AT DU E A T S
BT BAR S OV P 3 RAE 61-6 P B #E B A R A AR P R . RATH AT
WA —TEERIRER TR 5IAZE R

T T, G+~ Gz =+ —(2 (26)

W75 7 (25) 2224
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3{ =p(G + p* = n2?), t:—j =z(G — 0p* - 2%) (27)
SRR SR (1] RS 0 FRR S T7RR (27) 09 T S0k [10] R (7.5.2) B9 RECZ P
A7 F BOX N R

Cievp, CGep, —neab, —foce, —1ad

~1l-perd—be=v
MH, HTn<0,6>0, FFLLCHE [11] f1 (7.5.2) R

b= 0, e <0, v>10 (28)

Bk, R (27) XF BT 3CHR [11] RS S Via, KT X s SLEIF 8T, AT &% CRRr Bl 7.5.5.
R AR (26) MR, AR A S IR 3 195 I AR TR, (R A,
WA (4} %28 Poincaré-Hopf 51400 B KRN3R T4 700 {4) 300 Jacobi 4
HEBFTEONE, B o) =0 REMEARIBASEA G = G SHIEN, &
8 & PoincanHopt 44 R (V. T BURE A M RRERE (8D, HUIT R MDNG 036
SENRSN) | 6B AR A R, XTI, e TS HX
it [11]. SEARHERATFST SR 41802, 15 SRR S0 0 R A 10 5
LI 2 MO0 SRS, 3, ASOR TR 510015 0012 30T PRI
TSR0 ORGP, AR B HRYTT B2 (4) S 1 B RARA T, 6 o = G
BB Poincaré-Hopf 43 7 2 BIG S 0, BI85 25 s r= N BZe Pr 2 {4) oo iR
. AT R BRI SR EADN TR (23) A AT (4) B R
B KT S A5 B, I AT 4 i PR RO R
RIS, %7 W 3 AR X, RAVLATHS BT (23) o VB A
RS AR W R R I, R 3 o GO P AR (23) B

JANN [

Ea3 a4#HE
Fig.3 Bifurcation set and phase portraits
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PO R (4) R IE Sl 2 A A B N 2% 2R
ARG =4 kP4 AL
1) (z,p) = (0,0) (P85 {1}) ~ EHEREE HF THRRAE
2) (2, p) = (2, 0) (V4 A {2)) — Jat Hr4R 75,
3) (z,p) = (0,p) (PH 45 {3}) — LA VAP B 4 o Loy 30032 5.
4) (2, p) = (2, ) (V8 A {4}) — LUl it F5 057 2 whoo i) R 3052 50
5) FMHBGHE (R 5F) ~ THESFE, 4 E .
A 2 R 4 IR ZE R 3 0 A TR P B S A 2 R p AR

4 HERHY

A TEUEE 3 RS R, ASCH A 4 Brif Runge-Kutta R8T 455 (4), HHE
P 3 25 AN R S8 B B R T BEE R ATA. e, B a = 0.005 fl 8 = 0.26]. et
SR a7 8 M XN S8 w F ke B A wo = 9.828245 , ko = 59.400 64

B 445 HTHE 3 FERBA SN EBRLSR. BRI (o, w2, w3, m4) M HE5S 1]
B R H) (21, wz) P B AR TR E. B 4(a)~ B 4(g) 45503 8T B 3 FRXEL 1~7 54T
TP, ek, R b Ao A TR e B SR AR, ANHER L, B3 e DR AG A T T
553Kk (8] rp FE Eofi TG B0 AR BRoetE XK 2 s (B 2) Z mA W E 1 a3 R R,

&1 E35H?2 pPEREMOMEXR
Table 1 Region relationship between Figs.3 and 2

Regions in Fig3 1 2 3.4 5 6 7
Regions in Fig.2 1 2 7 v 1§01 1
1.564 0. T8I
.2 '4;'
= 0 5 o t :
!
I\-. /
- 1.563 -T2 * T
— 094 Ll 0,094 — .04 o 0,094
T )
(a) u=94, k1 =52 (b) u=9.7, k= 55

—0L.167 ] 0167 i 0,104 0208
1 T

(c) u="9.83, k1 =55 (d) u=9.85 ki =58

4 Hrifisnes g
Fig4 Numerical simulations of Eq.(4) projected onto (;,23) plane
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(e} u=19.89, ki =59.5 (f) w=9.7, k1 =595
0.006
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r
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4 HriBu s g (5)
Fig.4 Numerical simulations of Eq.(4) projected onto (x1,23) plane{continued)

mH, B3 6-0, ZBECTE EESTRSENEN SE 2 d M ST & XN KB4 R
FEw—-F. EE, B3 RTS8, By 75T Poincaré-Hopf 43-% £k I AT GEAF 7E 18 5 AR PR 51
BHEMILASE, F3E ECBE] TUERE. S T BARA T8RS (25) WSS/ fEESE Ty 4 {4) B RRE R
AR, FRATTTE SR BISPY HE05 T8 (4) a0 SN R RAMEsh. A EERRA T E
P Poincaré [l 5 B A9 (B HAR.  Poincaré BB 2% A T 0 F @M e g « k8% 1.

1) BE €= 1 Ab@ BN % (B (1, 7) = @1 (D@1 (1) + pa()d(r) = 0) FHEREIE (= & &
AR A

[ o
0.769 0.1621, _ Lazol . .‘“\.
= \ ™
e 0 g D > = 0 ~
= "'-“1 ., .
—o.769f % | —oaezt . “n.\ 1 —1azf \\\ 1
=0.111 0O 0.111 =077 O 0.077
7(0.82) Hil)
() #0°F i P (b)Poincaré BEAS (b4 1) (c)Poincaré BLAE (il AEEE 2)
(a) Phase portrait (b) Poincaré map with trigger 1 (¢) Poincaré map with trigger 2

H 5 RENRMEEE (v =982015,k =57.5)
Fig.h A quasiperiodic motion for (u = 9.82915,k; =57.5)
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2) Bl £ = & AR % (B n(&h, 7) = ©1(&)qi(7) + 2(&p)ae(r) = 0) MHEREIE € = 1
Ak B AR

P 5 B ATT 2 BRI Mz sy — A . M Poincaré BT B A AT LU Bl Fom i A i
sNET e e R “Miids 17 G5 e & fERRUFI Mok 4% 2 7 73 3R 90 4 i 2.

5 THEEit

WS T AR AL TR L S AR LSS AR T AR e RLE Al A L FE TS
Sahaskta KE0a R B e —A> 28 S BT, R 080 TR i e i T4k BRI R R 43 A B XK
R AT R BT T 4T, T TR A R R A SR T AT A G 2 R R MR
BAELR. T2 RS CHR (8] BT B AT RO R R . eAh, ST R Bt
T A R B R T R EEh B —— WRNE). d T s rg &k KRR
PeAS, 1 SCHR (8] H e — s 1 A LA T B B ARL 4 o A B R B i .

B SRTER R, 23 o FIECRNIEE by BRI 2 FR R MO — o B 1 TR X, (X
B 4) Ay, RATEI TR “HERME sheg SRR SEEMN Mg 12 B 6 XA
WHE A AR R RN R — A 7. XRSAREFCLEME P hify A S
ORI ARG — R IR B pX R R [ R P R AT A R, B
Bh, RS AR 7 2 e R T A R — B AR P R, X R U R — AN
i

»
250 A . 2.50 Y
W ,
a0 ' ioooof \ .
™ "\n-
~2.50F —2.50 e
-~
| | | Il i L
—0.04 0 0.04 —0.04 0 0.04
i i
(a) u = 9.83031, &y =55 (b} w = 9.8321, k; =50
2,50 1.563
i = A e of
"
—2.50F —1.563-
1 1 1 i I i
—0.04 0 0.04 —0.167 1] 0167

U

(c) u=98312, k) = 49.6

€Ty

(d) u =9.8212, by = 406

6 0s a3 a3 A AR Poincare BLAYE (A 3% 2). 1 6(d) 2 6(c) MHAHEEE
Fig.6i Poincaré maps with trigger 2. Onset of chaos by breakup of the torus surface of quasi-periodic motions.

Fig.fi(d) is the phase portrait of Fig.6(c)
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A TEVM AR, 7EE 3 #Y Poincard-Hopf 40748 EJ7 72 (25) B —AATBL R G 1,
P AR £ B AR BSEFR O pd (2, p) (BT8R {4)) B B il 2R BER1— A 0 PELER, BTN
HB ek B R RERE K BEEIRTE #£R (level curves). fE7FE (25) b b5 m AR a4
WLLRS, F Melnikov 77 25k o7 LB s 2T 0B~ K {6 A9 2 # 2R 4258 Poincaré-Hopf 4% 5
AR T BER, [ B R AT DA s 5 AR B SR AR X Y 2. A SRR, X SR 2
BEE KB A RSk oR B (WL 3CHRR [11], 1997). B, 242508 Bl & 25 1 3 i IR AR 2R PRI,
P 3 H i Poincaré-Hopf 4395 2R JH I W A7 76 R AE BB SRz sh i) — D SRR H a7 %, E
T & TRTE 3 A Poincaré-Hopf 43 7 4k I 40 7 B B IEF 538, T ZHE TR d B 50 9
&, EH =GR (23) FAFERE S NRE 5ATE EHE & 4= 55 i 9055 -5 BOR P R 7T st
R AR SR 2, 7E Poincaré-Hopf 4370 2k HE MiAF 76 8 /B IRME SN B9 — 4 “BUE” X5 1,
{HR, FRATFEZ X B 7 ) B Al B R SR R R, VUR SR A siEsh. AT
S B A B AR AR A M (ug = 9.828245, ko = 59.40064) BT PMRMESNT b = 50, B8
R THGRM . BrLL, FRATIAYE A AT HE 2 TR b 5 48 U AE i 5 8 95 7 AR TR .
W EIR AR, (UGES A 4 R A (25) MBS MR AT TT i wE Y R B R SR B R 2R
RIE. SXOREN, KT ARG (4 TRE (23)) BRI 3R 50 P a0 Z A SRR 2 F AT
WA e A YR M B A, TR AT A PR L BE R R R B, BSOS R (4) R
TiFE (23) Z AL AES B 5L B A0 A JR BB DA A R A s ik 0. PRtk B AERATT HESE A =
HETTTE (23) FERMIZES) (2RATA) , AR b HEWT IEUREE (4) — & f77E IR

A

|
6

(2
77

]

=00 \?K

'ICI {P-H} Heteroc,

T R 3 e E R
Fig.T A completion of the unfolding shown in Fig3
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BIFURCATIONS AND CHAOTIC MOTIONS OF A
CANTILEVERED PIPE CONVEYING FLUID "

Jin Jiduo  Zou Guangsheng  Zhang Yufei
( Department of Engineering Mechanics, Shenyang Institute of Aeronawtionl Engineering,
Shenyang 110034, China)

Abstract In this paper, we have studied some local stability and bifurcation problems of a
cantilevered pipe conveying fluid with the motion imiting constraints and a linear spring support.
The local behavior of the system i the neighborhood of a doubly degenerate point was analyzed
by using some qualitative reduction methods in dynamical system theory, such as center manifold
and Birkhoff's normal form theory. The analytical results obtained are found to be in good agree-
ment with that obtained by means of numerical simulations in our early work. Furthermore, the
analytical unfolding results show that the quasi-periodic motions may occur in certain parameter
range in the system, which could not be detected in the early work using numerical method.

In addition we found that as the parameter values of the velocity of flow and the stiffness of
the spring support vary from the doubly degenerate point to the sub region of chaotic motions
detected in the early work along some boundary line in the stability region of the system chaotic
motions occur as the results of the breakup of the quasi-periodic torus surface. It is known to be a
different route to chaos from that of “periodic-doubling bifurcation” route which has been detected
in this system earlier.

Key words cantilevered pipe, bifurcations, quasiperiodic motion, chaotic motion, stability
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