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Abstract Uncertainty exists broadly in real engineering design and analysis. For instance, some mechanical parame-
ters of structures in civil engineering may be of randomness and usually cannot be ignored. Therefore, the process of

uncertainty quantification, e.g., the sensitivity analysis on parameters of stochastic systems is, of paramount significance
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to reasonable engineering design and decision-making. In the present paper, the perspective of functional space analysis
on uncertainty quantification and propagation in stochastic systems is firstly stated. On this basis, the global sensitivity
index (GSI) is introduced based on the functional Fréchet derivative, of which some basically mathematical and physical
properties are studied. Besides, the correspondingly defined importance measure and direction sensitivity of the GSI are
also discussed, in terms of their geometric and physical meanings. Moreover, based on the definition of e-equivalent
distribution, the parametric form of the proposed GSI is elaborated in detail. By incorporating the probability density
evolution method (PDEM) and the change of probability measure (COM), the numerical algorithm of the GSI and the
procedure of sensitivity analysis are illustrated. Four numerical examples, including the analytical function of the linear
combination of normal random variables, stability analysis of the rock bolting system of tunnel, the analysis of steady-
state confined seepage below the dam, and the stochastic structural analysis of the reinforced concrete frame, are analyzed

to demonstrate the effectiveness and significance of the GSI.
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Table 2 Deterministic parameters in the rock bolting system of
the tunnel (Example 2) 3%

Parameters Values Physical meanings
ro/m 5.9 tunnel radius
re/m 8.9 anchoring radius
¥/(KN-m~3) 26.5 unit weight of rock mass
% 0.5 Poisson’s ratio of rock mass
¢/MPa 0.507 cohesion of rock mass
@/(®) 28.7 angle of rock mass
Tp/MPa 312 shear strength of rockbolt
Ap/mm? 380.13 cross sectional area of rockbolt
Ey/GPa 210 modulus of elasticity of rockbolt
Sc/m 1 circumferential spacing of rockbolt
S¢/m 1 longitudinal spacing of rockbolt
d/cm 20.3 radial thickness of shotcrete
E,/GPa 28 modulus of elasticity of shotcrete
Vs 0.167 Poisson’s ratio of shotcrete
ug/cm 1.92 initial radial displacement of tunnel

I3, FMEA p, = 3.200, BrEZEN oy, = 0.400.
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Fig. 8 Fréchet derivative based GSI in terms of the first fourth-moments

of the parameter Py (Example 2)
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parameters a and b of the parameters E and uo (Example 2)
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Table 3 Parameters in the dam model of the steady-state confined seepage (Example 3)37)

Parameters Distributions Physical meanings
T, of(um-s™h) LNG,95) permeability of the layer of silty gravel in x-direction
Ty y/( um-s~!) LN(2,2) permeability of the layer of silty gravel in y-direction
O.ITSJ/(p.ms") LN, 5)/s permeability of the layer of silty sand in x-direction
0.1T,/( pum-s1) LN(2,2) permeability of the layer of silty sand in y-direction
hp/m U(,10) height of storage water

R ReTE 11 5E 129, ik 47]
R, S K a BAT BN A

Tsx>Tsy>hp >Tgy>T,, (72)
M4 240 b 47 EEEN EH T
Tox>hp >Tsy> Ty >T,, (73)
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Fig. 11 Fréchet derivative based GSI in terms of the

parameter a (Example 3)
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parameter b (Example 3)
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Table 4 Importance measure of the Fréchet derivative
based GSI (Example 3)

Distribution parameters Ty Ty, Ts x T,y hp
0.2242 0.1492 0.6861 0.3105 0.2341
0.1025 0.0610 0.4253 0.1404 0.2307
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Fig. 13 Reinforced concrete frame structure!!”!
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Table 5 Parameters in the reinforced concrete
frame structure (Example 4)

Parameters Distributions No. of floor
fe1/MPa N (30,6) Ist
Jfe2/MPa N (30,6) 2nd
Je3/MPa N (30, 6) 3rd ~ 6th
Jfea/MPa N (30, 6) 7th ~ 10th
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value (Example 4)

0.4

03

0.2}

0.1

0.0

—0.1}

PDF and Fréchet derivative based GSIs

—02 . . .
100 105 110 115 120

d./mm

P&l 15 AEXSThrvE 22 (KI5 T Fréchet 580 BAA R B HRAR (GLBIIY)
Fig. 15 Fréchet derivative based GSI in terms of the standard

deviation (Example 4)
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Table 6 Importance measure of the Fréchet derivative based
GSI (Example 4/top displacement/0.2g)

Parameters fa Je2 fe3 Jea
mean value u 0.2797 0.0656 0.0950 0.4405
standard deviationo-  0.1112  0.0806  0.0942  0.3918

&7 ET Fréchet S BIEERBUEIEIRN
EEMMAE (B REMLFE/0.29)
Table 7 Importance measure of the Fréchet derivative based
GSI (Example 4/bottom displacement/0.2g)

Parameters fel fo fe3 Jea
mean value u 09139 0.1138 0.1110  0.0887
standard deviationo  0.7739  0.0959 0.1025 0.1108

% 8 ET Fréchet MBI R B IEIRH
EEMNE (EHFI/0.1g)
Table 8 Importance measure of the Fréchet derivative
based GSI (Example 4 /0.1g)

Parameters el fe2 Je3 fea
0.2442 0.1337 0.1836 0.3978
mean value u
(0.7371) (0.1766) (0.4023) (0.3745)
0.1617 0.086 3 0.2583 0.2580
standard deviation o
(0.5294) (0.1216) (0.2248) (0.1812)

Note: The values inside and outside the bracket are the importance mea-

sures of the bottom displacement and the top displacement, respectively.
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Fig. 16 Stress-strain curves of concrete materials of one bottom

column (Example 4)
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