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A FINITE VOLUME METHOD WITH WALSH BASIS FUNCTIONS
TO CAPTURE DISCONTINUITY INSIDE GRID V
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Abstract The traditional finite volume or finite element method assumes that the flow variables are continuous in the
control volume, and the position of discontinuity is restricted to the interface of the control volume, therefore it is impos-
sible to capture discontinuity inside a control volume. In this paper, the hypothesis that the flow variables are continuous
in the control volume is abandoned. The Walsh basis functions constituted by square waves are applied to represent the
conservative variables in a control volume with discontinuous forms rather than the traditional continuous forms. Accord-

ing to the positions of discontinuities contained in the Walsh approximation forms of conservative variables which are
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introduced by the Walsh functions, the control volume can be divided into series of virtual sub-cells. Integrating and solv-
ing the conservative equations represented by Walsh basis function coefficients on each sub-cell, the discontinuity can be
captured inside a control volume. This solving method is named as “Finite volume method with Walsh basis functions”.
Compared with the traditional finite volume method, this method can reduce the numerical errors by a certain proportion
and improve the resolution of capturing discontinuities. While for sub-cell scale, this method has only first-order calcu-
lation accuracy. In order to further improve the resolution of the smooth solutions, the linear / nonlinear approximations
can be reconstructed by using the sub-cell average values of conservative variables in each control volume to realize
second order / higher order calculation accuracy. Finally, in numerical tests, the finite volume method based on Walsh
basis functions is used to solve several typical unsteady problems of inviscid Burgers equation and Euler equations with
respect to one-dimensional and two-dimensional cases. By comparing the obtained numerical results of the new method

and the traditional finite volume method, the accuracy, efficiency, robustness and the ability of capturing discontinuity of

the proposed method are verified.
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Qi WIRFE, WKW A 1M, FRIT ENIREN
O(dx; ), B

ui(x) — i; ; = O(dx; ) (24)

T T HE AN EHIR O IR, Walsh 3 bR £ i 40E
(ST LI

n

&ifizkwy&m%wm 5)

k=1

i = c1(t)/ VAx (26)
BB o PR (1), &

i) = [c1(2) + ea(t)]/ VAx } o
2 = [c1() — c2(t)]/ VAx
=t 26) F1=8 27), 7T15
~ 1
u; = E(ﬁi,l +it;2) (28)
Bt LA
u;i(x) — u = O(Ax/2) 29)
FH, Yn=4mH
ui(x) — i; = O(Ax/4) (30)

EVEL IR

ui(x) — u; = O(Ax/8) (31)
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MEL_EHE ST 5, 5T FVM-WBFE J5i, 4% n =
2°(p > 1) > Walsh 8 bR 200 < FE AR ST ABA R, LA
RZEEN O(Ax/2P). RISLERE I, M6 T 40 FRAAFA
77k, FVM-WBF (n = 27) J7ERRZL LA 5 1/27
A, WSSO B2 I I B .

W, NIRERE, G IR R T
32 i A R ] L 22 A 428 ) A A B SRR b, SR S 1E
AR AT 2 O EN, BN, RN
i 2(b) s, A SR FVM-WBF J5 1% 14§

AL S 2 Bk EE A, Bk AT

UL = Ujj-1 + O.SSL } (32)

ug = u;;j — 0.5sp

y
|

aL(bi +¢&)+ bL(ai +&)

SL =
af+bi+25

3 aR(bl% +&)+ bR(azR + &)

SR
a}zz + blzz +2¢e

ap = Ui j — Ui j-1, AR = Ujjy) — Ui

by =ujj1 —uijo, br=1u;—uj

LRAE T, Bk O P I0AS R A6 1 2(d) TR,
NG B S3R. A6 55 2 I IR v 5 S R
9 2 [ FVM-WBE 5V 7E tS0R RERI S )y
Y ELBAEAE /135 (SO IR AT 148

3 BE

AR FVM-WBF J5 750 —/ 4 JC %l Burgers
J7 & F0 Buler 77 2 B JUANHE 8 H 1] REUEAT KA, a8
I 5 4 G BRARA 5 15 (BB 45 SRtk 47 % B, sk
AR Z VLT R T TR RCR . Bkl aE
DR R AR B 00T SRS SR A A
221220 [A) HE R S50k FH i A2 TVD 2611 3 B i X
Runge-Kutta®%! J77%.

NETFRAE, FHIH KA id 5 FYM-WBF-0 &/~
WIUE A L B A 1 By FVM-WBFE J5 7% ) S {8 45
H, M A FYM-WBF-R2 &R & 4 1 F A SCILE) 2 By

Ist 1l OFVM-2nd 73 3| F KR In A Ge A PR AR AL 7 1%
(FH OFVM J7:3878) F 1 B Al 2 it s 3. —4i
B P ) Exact 2 s fENT A,

3.1 —#% % Burgers FIEiEEA{E )RR

Burgers S FEMEE 1 AN 5] & — 4 X 35k
(-2, 2] B RESEWIE R @, 32 H LA FYM- WBF
TR B ERE BE AT RCR, TGN

u, x| > 1
ug (x) = (33)

¥ —u'sinmtx, |x <1

0
u(x, f) = % — ' sin(rox — ut) (34)

B =0,u' = 0.5 KA FFAE EXF =032
e = 0.96 IXPHAEZ, 43 A#ER 1 23R 4 hgg
T AE P& F ) OFVM Al FVM-WBF (n = 2, 4, 8)
JE S 2 BB TR LY R ZE S AR RS
FEEE. AT LRI, 5 T AR H50R B2, OFVM 5 FVM-
WBF J5 VA TE AN 8] s (R USCSAORS B8 2 AR AR W), (EL7E
FFEIPIAS b, MXF OFVM 51, FEVM-WBF J7i% 1)
RZELI AR T 1727 40k (X 528 2.3 s ie—
#0). # OFVM 775K H i 5o E H 55T FVM-
WBF J5 15 1) W % B T 80 5 5 R B S e AR, 7
AT LM Ok B A E ) B . KR
£ 1~F 4 FHFTEA B FR R Z, 7T
RIN, 1 BRI P RR 7 v 10 R 22 T LA R, 3 15 B
FVM-WBF J7iAR I T 5 OFVM J7 VM6 N2 4%
MR 22 3080, 17 2 Bk BERS, FVM-WBF Lt OFVM
JHERIRZEE /N, XA Re 2 BT F R EM RS
JER G 42 ) A R R (1) 22 SR at ). R b, 3R 2 R
4 5 1 = 0.96 B ZI 1 i 22 FRUCSSORS BE AR T ¢ =
0.32 I ZI A i)y, X2 K ¢ = 0.96 BFZIFE x = 0
7 B AR TR B S i S0 o K B2 3 1 1 B2, ] 3(a) AW
B 3(b) A2 T AT M = 20 B, PN TE] A
BRI IER 2 BYRE R A R SRS B AR R L, TT LA
E# FVM-WBF £ n = 2, 4, 8, 3 FiEE s B 8
T ABARST, 7 61 A () B0 A B0 R 1) T A A SR T L
OFVM 7L U (50 W6 T 3(c) JE 7 A 1 R 92
ECHE RN ) E RS (AR SR ) E D 1280), iR %=
K& B2 5 BT AER) CPU B[] 2 [A] {20 &, @it bk
I, 5 22 FIUSCSAORE P A RIS, FVM-WBF 77 72T ¥
FEIK) CPU I IA#FEL OFVM J7 144, HFE% Walsh %
PR E0K H B9 K, FVM-WBF J5 i [ E SR g 4

.
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% 1 OFVM 55355 FVM-WBF-0 B L' iRZEFSHEE (r = 0.32)
Table 1 L'-error and L'-order of OFVM and FVM-WBF-O method for ¢ = 0.32

OFVM/FVM-WBE-O FVM-WBF-O (n =27, p > 1)
u n=1 n=2(p=1) n=4(p=2) n=8(p=3)
L'-error L'-order L!-error L'-order L'-error L'-order L!-error L'-order
20 2.32 %1072 — 1.21 x1072 — 5.99 x1073 — 3.02 x1073 —
40 1.21 x1072 0.95 5.99 x1073 1.01 3.02 x1073 0.99 1.52 x1073 0.99
80 6.00 x1073 1.01 3.02 x1073 0.99 1.53 x1073 1.00 7.61 x1074 1.00
160 3.01 x1073 0.99 1.53 x1073 0.98 7.61 x107* 1.00 3.87 x1074 0.98
% 2 OFVM 753455 FVM-WBE-O i L' iRZEFUSHEE (1 = 0.96)
Table 2 L'-error and L'-order of OFVM and FVM-WBF-O method for ¢ = 0.96
OFVM/FVM-WBE-O FVM-WBF-O (n =27,p > 1)
n=1 n=2(p=1) n=4(p=2) n=8(p=3)
M
L!-error L!-order L'-error L'-order L!-error L'-order L'-error L'-order
20 431 x1072 — 2.86 x1072 — 1.69 x1072 — 9.92 x1073 —
40 2.87 x1072 0.59 1.69 x1072 0.76 9.92 x1073 0.77 5.41 x1073 0.87
80 1.69 x1072 0.76 9.92 x1073 0.77 5.41 x1073 0.87 2.96 x1073 0.87
160 9.94 x1073 0.77 5.41 x1073 0.87 2.96 x1073 0.87 1.65 x1073 0.84
< 3 OFVM-2nd /535 FVM-WBF-R2 i L' iR ZEFULEIEE (1 = 0.32)
Table 3 L'-error andL!-order of OFVM-2nd and FVM-WBF-R2 method for # = 0.32
OFVM-2nd/FVM-WBF-R2 FVM-WBF-R2 (n =27, p > 1)
n=1 n=2(p=1) n=4(p=2) n=8(p=3)
M
L'-error L'-order L!-error L'-order L'-error L'-order L'-error L'-order
20 497 x1073 — 1.01 x1073 — 2.64 x1074 — 6.72 x1073 —
40 1.37 x1073 1.86 2.64 x1074 1.94 6.72 x1073 1.97 1.67 x1075 2.01
80 3.59 x107* 1.93 6.72 x1073 1.97 1.67 x1073 2.01 4.13 x107° 2.02
160 9.05 x1073 1.99 1.67 x1075 2.01 4.13 x10°° 2.02 1.02 x107° 2.02
%< 4 OFVM-2nd /5355 FVM-WBF-R2 Y L' i = FULSUEE (1 = 0.96)
Table 4 L'-error and L'-order of OFVM-2nd and FYM-WBF-R2 method for ¢ = 0.96
OFVM-2nd/FVM-WBF-R2 FVM-WBF-R2 (n =27, p > 1)
n=1 n=2(p=1) n=4(p=2) n=8(p=3)
M
L'-error L'-order L!-error L'-order L!-error L'-order L!-error L!-order
20 4.06 x1072 — 1.94 x1072 — 7.19 x1073 — 3.02 x1073 —
40 1.98 x1072 1.04 7.19 x1073 1.43 3.01 x1073 1.26 1.17 x1073 1.37
80 7.24 x1073 1.45 3.02 x1073 1.25 1.17 x1073 1.36 4.12 x107* 1.50
160 2.99 x1073 1.28 1.17 x1073 1.38 4.12 x107* 1.50 1.57 x107* 1.39
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AREAHIRAE T —4E Euler 7772 1 Fh 0 25 1)
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7 FVM-WBF J7i:M1 OFVM J7 125t §5 1] W A1 55
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[-0.5,0.5], MG 5445370 -

(1) SOD

1.0,0,1.0, x<0
(p,u,p) = (35)
0.125,0,0.1, x>0
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X
(a) 2BV KEFES R, =032
(a) 2nd-order numerical results, 7= 0.32
0.6
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&
°
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: -4
—02F -4 \\\
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I 4 <_}| . t
—04F o \ o 4 OFVM-2nd
(o o NS /& FVM-WBF-R2, n=2
& v FVM-WBF-R2,n=4
e 7 o FVM-WBF-R2,n=38
el T

-20 —-15 —1.0 =05 00 05 1.0 15 20

X

(b) 26T KEFEEE A, 1=0.96
(b) 2nd-order numerical results, 7= 0.96

1072

Lg(L'-error)

L —— OFVM-1st
107 F —— FVM-WBF-O, n
[ —— FVM-WBF-O, n
- ——— FVM-WBF-O, n
[ - - - OFVM-2nd
[ - - - FVM-WBF-R2,
L - — - FVM-WBF-R2,
- - - FVM-WBF-R2,
1 o
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CPU time (7)
(c) L'i%Z vs CPU I [H]
(¢) L'-error vs CPU time

3 —4k Burgers /7 &SI inl A {E
Fig. 3 Numerical results of continuous initial value problem of

1D Burgers equation
(2) LAX

0.445,0.698,3.528, x < 0
(p,u,p) = (36)
0.5,0,0.571, x>0

BIRHFF K Neumann 15464, WA RIIH M =
100.SOD i B il i 157 S0 A] £ = 0.1, LAX B
] @ BB A] ¢ = 0.16. OFVM J71% 5 FVM-WBF
7335 PN A ) G 1 B RN 2 B S TS A
B4 4 PR 4 A 5 B, ST o) B o -
S ik D) BT TR 78 38 405 A1 S5 A PR BB 285 SR, T LAUR B,
WX K& A [5] R 15 0L R, FEVM-WBE 7 V2% 55 1] Wit A1 558 6]
WA S U AR ROR, B e Rt — €
ek, B 4cc) M 5(c) 4 PR 770 2 B
THER AR 2 R S RS RUBE XS B 1 TBOR B, Her
IR BRI T T LG 2| —4%E FVYM-WBF
TIVEAE n = 4 A1 8 B I REIA B /INT- WA RO 3
R,

3.3 "4 % Burgers S HEE|HTA{E )RR

AR AE T —4E TR Burgers L, ELIR T —
4 FVM-WBF /7755 OFVM J5 V76 AR [8] I A% 1 45
RO A B2 ) T 04 100 A ) O BN -1, 1] x
-1, 11, ¥IUR % 14A
I, x2+y*<1/9

up(x) = 37
—1, others



(c) Comparison of the shock scale
Kl 4 —4% Buler 7772 SOD s & v BUAUMHE
Fig. 4 Numerical results of SOD-shock tube problem of

1D Euler equations

(c) Comparison of the shock scale

5 —4k Euler J5 2 LAX B i iU EUA i

Fig. 5 Numerical results of LAX-shock tube problem of

1D Euler equations
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K FH JE BRI F A, TP BN ¢ = 0.3, MAKEA
M =20x20. Bl 6 FEIN 12 PR T 2 Bk B2 0 28
gESL o B 6(a) FIFE 6(b) A& S E LR . 161X IR A
Hh, [RIIN 45 T S 2 LT A b S B FITR OB R B
PR FURE R LR, B 6(c) it T x = y
2 L RIBUEAR AT (B IR R AR AR R S IL T,
ALK I FVM-WBF J73E 1 ny A np B 2, 4, 8 B
AR 3 10 RBEHS /N TP RUBE, 369 FVM-WBF
JIIEAE YRR R LT BB 2 21 X A% P S5 45 [ B
(15 .
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X
(a) OFVM-2nd

0.5
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(b) FVM-WBF-R2, (nl, n2) = (8, 8)

1.0 |- - -0FVM-2nd s
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FVM-WBF-R2, nl=4,n2=4 1
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(c) x =y M LR R UL

(c) Comparison of the shock scale on the line of x =y

[ 6 4k Burgers /7 F2 [ Wi ) 1] BEUE 45
Fig. 6 Numerical results of the discontinuously initial value problem

of 2D Burgers equation

3.4 4 Euler 512322 0]

Yk Buler J7FERIER 2 MU B 1 2 ARSI
Z RIEEGIA S5, — o 3 B W — 4k (Wi,
PR Ak 5] i 380) AR ELAE PR R A SR T B4
[0, 11 x [0, 1] =25 JE AR 4746 2% 1 1) 52 2 ) i 1407
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(1.5,0,0,1.5), x>0.5,y>05
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(38)
(0.138,1.206, 1.206,0.029), x < 0.5, y < 0.5

(0.5323,0,1.206,0.3), x>05,y<05

K HFFIX Neumann 14 52644, TEARIE I MAS M =
40 x 40 LT OFVM J7ikY5 FVM-WBF Jjik
THEE] + = 0.3 B2 R R, Bl 7(a) F
B 7(b) 737 7 (1) 2 PR 5 R B 4 SR 1 5 P
£GP wT AR B, A5%FT OFVM J59%, FEVM-WBF J57%
B E SR TR W 2 R By = 0.9 [IHRER,
Bl 7(c) Fizw, W LUK L FYM-WBF-R2 1E ny, ny 531
PJEX 4 BX 8 BB REAL B /N T WA FRUBE IR B Al 42 70
HEE, T OFVM J7 VAF 42 B0 2008 2 AN R
(1) %5 B Z 54513 — 20 U B FVM-WBF J7 %75 — 4k
Euler /5 % 240 T tH Al DL S IR RS P 0 4 412 1] B8l 1)
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(c) Comparison of the shock scale on the line of y = 0.9
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Fig. 7 Numerical density obtained by 2nd-order OFVM and
FVM-WBF method for Riemann problem of 2D Euler equations

3.5 Rayleigh-Tayler A~ E 4 o] 21

Rayleigh-Tayler (R-T) A2 € 14 1] A 410 4k (1)
e, M BN R AR R A, 2% R R A
52 B FH g 5 IR [) B5 2 N BRI T 7 A R IR 3 IR
B G I — g I TE] R AL, R IR AR 1) 7 VRN E AR 1)
ORI A AR, SAIE R E AR 45 1.

AL T REIECN [0,0.25] x [0, 11, WU &AE N

(o,u,v,p) =
(2,0,-0.025a cos(8mx),2y + 1), y < 0.5

(39)
(1,0,-0.025a cos(87x),y + 1.5),y > 0.5

Hra = fyp/p, EABFRNTEREH % 1F; L TFiA
FRNE E T EARE. MR M =20 x 80 bt H|
] = 1.95. MR T FVM-WBF 77 VER 5 447 7 45 7
(IR, B 8 45 H T OFVM 5 FVM-WBF J5 i
(n1, ma) = (2, 2), (4, 4), (8, 8) I 1) 2 Bks £ 18 %5 &2
LHLZEE. 7T LA B, A X T OFVM 5%, FVM-WBF
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YU IR 2 . AT 2 PR BER A ) 2R E AL

AR S RBIL. TR AT DA 22 38 B 25 5 eR BN B0
WK, AR I TR I B BUE TS IR,
X 55 SCHR (410 AR FH AR N 2 A 12 7] R AT 4
TR AN, 2230 tH I G R, 1 — W] FVM-WBF
TR AR5k HAR S B AR I FAR A
A S B R

AL, EEHE LT BT VETHEA [F (]
SN BT SRR, PR A% B AH [R]B, FVM-WBF
JiVERI A HHEE & OFVM J7VE ny -ny £, BT LAER IS I,
TR I A] 258, FEVM-WBF J5 3% #6 /) CPU I}
[F] 1% f& OFVM J535 10 ny - ny 435, 10 E EH %0 H A
[, P 3 T RE 9% (PN (] 212240 [R], (ENR 45 SR R
FARttt. £ 5 Al T 1000 AN TE] S I Rb 7 92
(1) CPU ISF[EIXFEE. X T 3 PPk ok 2014, OFVM J7
R T 5 FYM-WBF J7iEAH F E i AL E %
. AT LER), A MR, A2 FVM-
WBF 77 OFVM J7iE42 i 1 2 20% 17T 5H 0%,
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Fig. 8 Density contours obtained by 2nd-order OFVM and FVM-WBF method for R-T problem
% 5 FVM-WBF 75355 OFVM F5 3 B L i
Table 5 Comparison of computational costs between FVM-WBF and OFVM methods
CPU time/s
Method
(n1,m) =(2,2) (n1,m) = (4,4) (n1,m) = (8,8)

OFVM-Ist 9.432 37.608 150.000 612.689

FVM-WBF-O — 30.156 114.745 511.275

OFVM-2nd 10.677 42.539 169.549 688.083

FVM-WBF-R2 — 30.747 118.176 515.236
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A AE By Walsh 5 R B e T —Fe] ALE R AE
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Bk RE 71 0 05, R ERIUAE:
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