%31 % % 28 % ¥ # Vol. 31, No.2
1999 £ 3 K ACTA MECHANICA SINICA Mar., 1999

BEPEENNFHNE—T 5 REKRY

x| % Bk

(L@R%, LEWRARENHEHRN, LiE 200072)

RE XIBeABE ERE, CS-XMPRBELT Gurtin BEBRME—R45FER, H
BRRAERTHERENRMENE, BESERW0EEFREERARBERML. P ER&
DB TRAXBEH N EFNELAR (FEEHH) K—R4FEK, HRBEENTHE
ENBRAMAEAMEHFLEE. BHETURET S L RREAHULELRIE -5 B
it FE O P A PR Tk P BOFSR A L0 LR R 4.

XA HEMEER, WAHRE, AR, #h, RESWET

5

il

HEl, EMaHRMUERHELSFERECEMY RS MHRASELHE S FEE MY Nk
WM, BRXEMERNBERYT Gurtin BASEBE S 18] A NTAEMBSRE ENROE
Gurtin B, Biot 8, B/ _HH, MBS EES P B4 EE, BAI4E, Curtin B
BOFEERE KRS —RAGEATHERILEAHNEZEEREBREENG S, —£
ZETEFLEEN, AMEHEEBERBHAAE L. XMAKBH T Gurtin B34 &
BRXHANME SRFRRECEHUBTHEANTHANREFEER L.

REEWS X BERBEEZ T EE ARG BN EBITTRPKX HHEE 8] BpfExts
M) B A R, B AT RS IS H B S — R’ (kB ET S
BEPYWRS, BRAECHE)C. fitn, Biot B4EES BT T AR ERABREE LS,
X4 Ben-Amoz )4 EHE A B §HTF p MATEAL R H T BRI TR, SHEETRETK
BB FHFROBEMAB S EES U BERAESEHEERAESAE. FEBTEN
R BRI [4] 5h, JUF A IR Gurtin B4R 4 g i o 0~3.5~8] o5 i s OR S BRI RR 4, X BB FF T
XY A AR AL R B BRI AE, HHBREEA T B - & ARAERME MERMER, X 4 ERaes
TR - =4, BRI 4R E

ATEVBEHEMEI 0%, A& - RSN LSRBBNEE, BHERTHRA RS

1) ARFT RS, AR5 5 B P T Sl IR 28 AR A o (R i B 0 — A 2 Rk A R R O
K4 E, KR TRYFEEASBERFAMNA EMEMEESRYE, TYEENESR (th AT gE) R
HREMERY. HULFEHNETR, F2RENYE FHESR.

2) BT SRS EFHIT X B —F- S50, FETLE TR (A BHF), AT
Aoy R AR S ) E B ik — 5, BT ARME R RS B A ks S B e A R B R
% s 4y e | (579,

1997-08-10 K F)5E—%4, 1998-05-08 W3y,
1) BEFXEAREREWHTA.




166 1 2 % it 1999 &£ % 31 %

AT AR, AR TS (EER) 2H0RBREURBEZROF T, £258
AW B &, EHERE, BRADIHBELTREXBREN N¥E NSRS EH
.

1 BERBEDNEREFTE

ZR/NMIB A EEREES TEAE, BESYESEBREE, ERAT B4 TEN
Rk 1ol

iGij + b = pg - OuU; (1)
Tij = Mijerk + 2655 — Kby 0 = 0A/Oe;; (2)
e; = ~(3,T: + 3.7, 3)
Fo-V'0=0,0+Kq des; -Q (4)
Aleij) = geiiejj + g6 — Kptiey (5)
O3 A = —Key (6)

HAE®ER to, I, Tn 0 & Y RIERERME T ERAR

f,':.’lii/L, fzt/to, GI(T—T())/T(), Ui=Ui/L,

— _ - 2

0 =0i/G, B=p/G=1, A=)\/G= 1_:/2”’
w7 aU’L T pL = _ _ a .

3,U; = o bz—b,(ﬁ), V=LV =i

V' =I*VE, 3T = 0°T/0F, Fo= "2 (BHBE)

2
p (L KsG -
S e K, =-PZ = +
pc G< to) , ot Ko =PTo(3%+2),

Bi = hL/k (H 5%), qizqi(i) g f0Qs

KTo pc.To
MRFAER (BBFRE A=A UA, = 4; U Ay U 45)
Ay b Ui=Ui)pe (7A)
Ap b1 Tiyng = B)pr (7B)
ALk 6=4, (70)
Ay £: Bnf = (Tp)pr (7D)
As ki 3.0 =Bi(fe - 0) (7E)
HIME A

T=00: 8U; = f(x) (7F)



# 2 M XIHEK : M & MBS N ¥ R —R 0 R 167

U; = fa(x) (7G)
X 0 = f3(x) (7H)

Sha, ARMMBERL, £ (D~TH) XFRFIA EARES—BRE. TR, $EHF
HRFHERETENN.

2 GRS REBEMNEHFREE

ATEMBANIEERE FALTELATTHFEE, RITEBU-NFHAITESZHER,
E-RESAXARATEE (85 BRANESEME, BIEESWREERM, HZEL
(FhAA), FE S Hermite HEHEURBEEE, NTTAKHE TESNBSMNAHTLE. TH
BRI EASREETE ) RERES - A TEEX, EEFRU-IMNKXELFLHEE,
BRAT DU S A S BT R — B & S B3R o) [R B .

2.1 HEEFTEHRR

2.1.1 BHAR I
HEE HEH o) 7E [0~ ] X H—Hrg)F 1220 24K

dd iy o 200 = $6ETD) _ 4(E) — $(0)

di t_ - " (8)
Heo ¢ =t -t = At, ¢ BRRAWES S )
¥ (ED. BEESARMA TS HROEH ¢

f, BREX t S E—RFE BB AER (@
BENE). AXA—RENTHER, BBURT (8)
AU E XS, F2a3hAb (EELML,
EA). REBBERERBERFH—5 (B e |7
=0/ m) B, M EEZEERML, A
o(t) MBEZ E SR, B, E—EE (Flwn
0<t¢ <L I REYKEWIEME, RN EHEH
KER R ESK, LB A, EXARAREE .
RAT-&HEENEBRTAL, MRE—MEAT— B 1 %S

TN A ERN N ESTESHILN S HES Fig.l1 The dynamic finite-difference concept
AT. BEXMIBNESBRHANAI AR

HGE @)X, RTUMBEREPFEINENARSE, AMERERT &SRB E AR
.

R (8) 2 (B 6 1R ¢) 7 (4) ARBRELERES - MATENT

$(n)

tn—1)

Fo-t'V*0 — 0 — Kqeii = F' (9)
Hef
_FI — (0(1’1—1) + Kaeg?—l) + tlQ)
2.1.2 AR I



168 H % ¥ ® 1999 % 31 %

ERTHA (8) RE—BHE, MANFANAERNNERR, MERBHESRAE
KB BB 1 (8 1), 485 SR .
A (& T =¢/t, € AR EER) B HEH ¢(t), 7 (0~ ') F# Hermite FHEH LA =X

#(r) = Hy(r) - $(0) + Hy(r) - (1) + Ho(r) - S2(0) (10)

K
Hi(t)=1-7% Hy(7) =12, Hy(r)= 7(1—1)

¥ ERXKIF—K, F a6 a6

2 = 21(6(1) - 9(0)] + (1 - 21) £(0)
E£r=14, EXEH
¢ L) = 2p) - p(e)) o L) (1)

Hoop o B3 n BELD (60D B o) AMRS) LR N A (RBESBK): 0< v <,
FE ¢ BB, A R SR = 1O - oD B R A 4B e SRS
—HETFHRE S (5 1), u

B, (L XYENRE-REDZRA ¢ B2 3 (&) EHEATA IR ZIE 6() HHU R ' =0

RAIAIE 6(0) RIS 00) RERZ, BHRIMEN W (8 ~ 7).

BAUE (1) Ry ¢ BAELE 055 | ZAELBMIE, NTERRE AT =B
B 2 4 A A,

B ShAE S AR (11) AT (4) RIS (9) RRBUESEE S - WA, S
F (9) St — e T iE R

Fo-t'V?0 - D0+ Ky -ey;)=F (12)

Hrp
—F =D + Koell ™) + (D = D' (367D + Ky - 86" D) +Q

1 (4R — BB R (8) )
{2(%%ﬁ:%ﬁ§&mﬁunw)
RIS R F RPAET (00 + Kadrea) ™D W, EHEMEA % —RIE—HH
HERBOABTABEAREERSBE, —-E ) BOgETRAA (@) 2EH.
25 BL PR T B (025 %, U TSR PR S AT 9 Hlermite 48048 /4 5625 ol 55 H A 7 40 3
EEABHRAN, FEE.
2.2 WEHMMELY— T H RER

EEETTE ()~(3), (5), (6), (12) URMA B4 (TA)~(TH) KR L, RAX (11] &
FRGMETT R B AL AE A AT B 77 (BD7E Y2 B8 o 40— S Bk 0 SR AR 40 O), B AT R B A
XEBER S FER XS EEMNT.



w2 M XIEGEL : AN N EHE R REE 169

EHREI E—DIWRESAKR (3), (5) ABRAFLF &4 (TA), (TC) AHBEME G
Ui SBES 6, RRETIZE J REENTBLAU, 50 LEBSABREHNENE.

t(")

JUs,8) = / / {”Gatu - 8,U; — A (eiz, 8) + bili+
tn-1) J(2)

+ % [Fo-t' - (V6) +2F6) }drz -dt + I (13)
Hob
I, = / / (03)peUsdA - dt — K., - Fo / / £ (qn)pr6 - dA - di—
(t) Y (Ap) (Az2)
KFOB// ——HdAdt—
(t) J(As)
[ po{(Ui-00)™ - St fu + (1 - 300000 an
(2)
2
Sof K, = 0 e, A= A- 200 ypmee, e grmmzs R,

DX,
ERR Hx (13) RZ—Br &4, #iﬂﬂiﬂiﬁiﬁﬁ%ﬁ: (7G) 5 (TH) K, BIF[H 61 =0 B H
L& J EEEEHNT:
BRPLARE: (1) f(12)

BRG R &4
A, E: (7B) &
A, E: (D) &
Az £: (TE) R
HRPME &M

t=t""V g (TF) & (7G) R

HHREEHNE: EZE P, BFTROFWET —MEIRORIRE S, B (13) K
BARRG, MAEMRIDHEERT X U 7 () W g&E4&E, WER (- W mAsmE s
(TF) 5 (7G) A#REM AL B RFM; Hosh, XEFRATHFZSBHR 9) F (11) =X, Fll
EZE S B X PRARAREHIX 0 R RMAT, EWY 0 MAEERBENT, [
m(7H) XA EA N ERX B R, TRBSERSHERSTHF ZHT.

ZUCTTI, REA bR AR 45 B B R AR T 5 R A BB 1) B 1 B A 4 R R A HE 4
BYLAEAN. HTHAREER, FFUTUESEBN AL AT B TSR 8.

WIS (1] W7, WTLRGHMET LIRS EE, BR—ABSEER, B TFEI85
HE P —&T A EE.

IXESRE I E—UIWRABAR &M (TA) F (7C) RBMMERR U, N eij, N1
oij, WRES 0 MM ¢; F, BEFEFTHEZE Ju(Us, e:5,0:5,0,¢;) BUBE{E B9 BB 4375 5 4 42 4 30



170 il e & ® 1999 % % 31 %

15 R ) A
t(n) 1
Jy = / PS 8,U; - ,U; — Ap(eij,0) + biUs + 04 [eu - 5(0;Us + &'Uj)] +
tn-n Jeoy L 2 2

%[FO' tl(2a¢6 - qi)qi +2F0]}d!2dt+Ib (14)

AHEUER, B ERZARS (ik Ui, eij, 045, 0 T ¢ #E BMILAESY), H 6Jn =0 AT RE T3
BE(E A
Rk B 7 B 4L

oU; : 8jcr¢j +b; = pgaftUi

1
50’1-]- Dey = ~2—(6in + 5]'Ui)

562']' B aeij‘AF = O34

80 : OgAp = K F — Fo-t'- &gl
GAF ¥l o (& q‘} Eall:tﬁtﬂ (12) it

¢g; - 058 = g

BRAF A SRSFERINZEEHA.

S, FATIRH: FE J M Jn FERNFETFFL R

I = / Ui — (U;)prloijn;dAdt — K., - Fo// t'qn (0 — 6, )dAdt (15)
tJ(Au) tJ (A1)

0 (7A) 5 (7C) At th o ¥4k A B RBA KA.
3 HRiE

AL T Ra N AN R RN RS FEEY ) LS EE L AHEER). &
FTERETEM, BTRTEHAEAE BT EBEEORE, FTH S mREbbE D K g
B L. S, BERAS-S S (12 44, BRESENZENER — BAKSE - # -
SEEE — PRSEREE T EENER, ATARE—-SEFRE MRRE., B8R,
BrbP B ) |A—TH KNSRI WEL TR,

HEiHg
A =AyUAp=A1 UAU A3 D wE, W Q2 RE
Ay, Ap SRR ENB S AR 6;U; = 90U, /8z;
A12.3 SR REE. BESEMENAGNERT 0.l = §%0/0t?
A & 1B BN I AR B e;j IV 38
Ap H e B B F R(12) /5
Bi Biot # Fo HHRE
b FREN fi2:f3 W (7F,7G, TH) &

Ce TR BB G BB




2 XURGEK : A a MBMEsh N E K3 B R 171

MR

k SHAE u BRABER
l =t(n) — ¢(n-1) z; (i =1,2,3) &£ LA
n Hh L R o =k/(pCe), RV BEH
P B RERAFER 8 Kk R
Qs W IR € e AR )
q % A HERENE. A= T
T BE B NEREEE w=G
t,t B R. ¢ =t—trl) v bi=E Y =4
h BHRAK 2 PG FEERTRALR
Kop~y R(6)RAE, Ky=Kg/(DKa) 6,800 B i B 3 B R A R

oij M1tk B
k4 FH%:
o Rt 2 43 9] n BT
n B 5] 25 40 i =1,2,3

0 BERA

pr BER

X x W

1 Truesdell C ed. Mechanics of Solids. Vol 1. Springer, 1984 (Originally as Vol. VIa/2 of Handbuch der Physik.
Springer, 1973)
2 Ipubanos B®. u IManuukun HI. Cssasanubie n /IMHaMUYeCKHe 3aAaunM TepMOynpyrocTu. Mocksa:
MamuHOoCTpOeHUEe, 1984
3 Nickell R E, Sackman JJ. VPs for linear coupled thermoelasticity. @ Appl Math, 1968, 26: 11~26
4 Bk BHBESERT (L) Jbi. B HMRi, 1980 (Chien WZ. Calculus of Variations and Finite Elements.
Vol I. Beijing: Science Press, 1980 (in Chinese))
5 Nowinski JL. Theory of Thermoelasticity with Applications. Netherlands: Sijthoff & Noordhoff, 1978
6 Nowacki W. Thermoelasticity. 2nd ed. Pergamon, Oxford, 1986
7 Biot MA. Variational Principles in Heat Transfer. Oxford: Oxford Univ Press, 1970
8 Ben-Amoz M. On a variational theorem in coupled thermoelasticity. J Appl Mech, 1965, 32: 943~945
9 Finlayson B A. The Method of Weighted Residuals and Variational Principles. Acad Press, 1972. 336~337
10 Mase GE. Theory and Problems of Continuum Mechanics. New York: McGraw-Hill, 1970
11 Liu Gao-lian. A systematic approach to the search and transformation for variational principles in fluid me-

chanics with emphasis on inverse & hybrid problems. In: Experimental & Computational Aerothermodynamics

of Internal Flows. Chen NX, Jiang HD eds. Beijing: World Publ Corp, 1991. 128~135

12 Liu Gao-lian. A unified variational formulation of aeroelasticity problem for coupled “fluid-wing” vibration

system in 3-D transonic flow. In: Proc 2nd Int! Conf on Fluid Mech. July 1993, Beijing. 438~444



172 #1 = =4 # 1999 % #§ 31 %

A FAMILY OF UNIFIED CLASSICAL VARIATIONAL PRINCIPLES
IN COUPLED THERMOELASTO DYNAMICS Y

Liu Gaolian
(Institute of Mechanics, Shanghai University, Shanghai 200072, China)

Abstract The variational principle (VP) of classical type (excluding the Biot’s VP, the Gurtin’s
VP, the least square VP & various constrained VP, in which some unknown variables are frozen
during the variation operation) for the entitled problem is extremely difficult to establich, so that up
to now all VP for this problem, to more or less degree, are constrained VP with thz only exception of
the Grutin’s VP. However, the Gurtin’s VP posesses the fzilowing two essential short-comings: 1) it
is confined only to linear differential egs. and boundaryv/initia! conditions with constant coefficients;
2) the presence of multiple convolutions in the functicral makes the discretization & numerical
solution very complicated to carry out. Conseguentiy, 1t is still meaningful to search for VP of
classical type for ths coupled thermioelastodynamics. To this end, first of all, the following two
obstacles must be eliminated: 1) VP, when applied to initial-value problems, inherently encounter
the difficulty that they require to specify not only initial-value conditions but also final-value
conditions, while physically only initial-value conditions are allowed to be given. 2) the differential
operator of the unsteady heat conduction eq. is nonpotentiai and hence it is impossible to construct
the corresponding VP according to the Vainberg’s theorem.

Just for removing these obstacles, in the present paper a new dynamic (continuous) finite-
difference transformation is introduced to convert the operator to a potential one and in addition
a method for modifying the functional to accommodate all physically required initial-value con-
ditions while removing the final-value conditions is also suggested. On this basis and following
a systematic approach for deriving VP suggested previously by the present author in Ref.[11], it
has been succeeded for the first time to establish a family of unified classical VP for the coupled
thermoelastodynamics, from anyone of which the basic elastodynamic equations, the unsteady
heat conduction equations as well as the natural boundary/initial-value conditions can be derived
naturally.

In this way a complete rigorous theoretical foundation for the finite element analysis of the
problem under study is founded. This variational approach can be extended to anisotropic materials

and nonlinear case as well.

Key words variational principles, finite element method, thermoelasticity, thermal stress, high-

temperature structural design
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