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Fig 2 Planar motion of a rigid body %: r- ri= P- P = Cuirij+ Cau (2)
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ro=m " Irdn = Dq
1- a: az a - a (8)
D =
- a 1- an a ai
ym y ai, az
a= [araz]' = m lIc:(:h1:- I P, (9)
(8) Q=mro ,
Q= dy (10)
&= mD.
w , rij= WX rij,
w
w= G
) (1)
G= I'?[yi- yi, - Xi+ Xi, - Yi+ Yi, Xj- Xi
J (@] H=Jw,
= JG (8), (10), (12
Oo H=H+ (roXxQ) *n ,
H = Wq (13)
p Oo ,
Y= w4+ Y (14)
Y= [¥] 4 , a’= ai+ as
U= m[- (1+ a®- 2a)yi- ax;+ (a°- ai)yi]
U= m[(1+ a*- 2a)xi- (a°- a)x;- azi]
(15)

U= mlaxi+ (a°- a)yi- ai]

U= m[- (a°- a)xi+ axyi+ ax;]
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Fx! FY1 M (OO-Xy) Oo y

Ag= B
T T 17 T (16)
A: [1{111{]]18:- Aq+ [Fx,Fy,M]
B 1, B2, Bs
( 3). B1 1, 2, 3 4 )
1 .
1
Table 1
rigid body i i X y | a1 a2 m J
B1 1 2 r2/li (nr2)/h b 0 0 m J1
B2 2 3 s/l (nre)/lz 12 1/2 0 mz2 mal3/12
Bs 3 4 ru/is (nraw)ls 15 1/2 0 ms mal3/12
3
Fig 3 Planar motion of amultibody system
Oo , Ooxy), Oo
, Oo-xy) . (Ooxy) q
q= [x1 y1 Xz y2 Xz ys Xxa ya]' (17)
(Xie1- x)2+ (yee1- yo)°- li= 0(k= 1,2,3) (18)

(10), (13) Oo , Q
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H
m: 0 mz/2 0 (mz2+ ms)/2 0 ms/2 0
0 m: m2/2 0 (mz+ ms)/2 0 ms
H = [IP1‘P21P31P41P51P6‘P71P8] q (20)
Wi=- [(J3:0) + midyr+ (Ju/d)y:
Y, = [(Jl/li)"’ mi]xa - (Jl/l%)Xz
Y; = (J1/|%)y1- [(-]1/'%)"‘ (m2/3)]y2- (mz/6)y3
W, = - (Jl/l%)Xl"‘ [(Jl/ﬁ)"‘ (m2/3)]X2+ (mz/G)Xs (21)
Ws = - (m2/6)y2— (1/3) (m2 + ms)ys- (m3/6)y4
W = (m2/6)X2+ (1/3) M2+ ma)xs+ (m3/6)X4
W, = - (ms/6) (ys+ 2ya)
Ws= (Ms/B) (xs+ 2xa)
) Ho
(18 t Q=0, H=Ho
Ag= B (22)
A, B
W w, LA W, W, W, Wy |
m1 0 m2/2 0 (m2+ ms) /2 0 ms/2 0
0 m: m2/2 0 (m2+ mas) /2 0 ms/2
A =
X1- X2 Yi- Y2 X2- X1 Y2- VY1 0 0 0 0
0 0 X2- X3 Ya2- Y3 X3- X2 y3- Y2 0 0
L 0 0 0 X3 - Xa Y3- Ya X4- X3 Ya- Y3
(23)
B = [HoOOOOO]T
q
xa(t), y4(t) (22) , 2,3 v W




w= arcsin [ (x2- x1) (ys- y2) - (xs- x2)(yz- yﬂ]/h%

_ (24)
w3 = arcsin [(Xa- Xz) (y4— y3)— (X4- X3) (y3- yz)]/|2|3
3
(1)
i, ] rij u
( 4. u rij [ , YY£
Q 0= sind, f= cosY, [
v= (o)~ 1(I‘ij>< u). iP  rij, u v
%: r- ri= P- Pi= arj+ cu+ Csv(25)
4
Oo (O O_);\;ZA)_ Fig 4 Spatial motion of a rigid body
o] ©O-xyz), x z ri v
€1, e, es ©-xyz) (©oxyz) R
R = [aee]
o (26)
e = I‘ij/| , 2= (U- 3rij)/0(| , 6= - Urij/0(|
fij, U (0-xyz) , 0 v (O-xy z)
(25) c, ¢, P- P (O-xy z) p- p
c= [acc] =L *(P- P)
1 0
h (27)
L=1I1|0 x O
0 O
(25) : r  (Ooxyz)
r= [xyz]'= Cq (28)
q ri, rj, u ©oxyz) ,C 3x9
q= [riru'] (29)

C= [(1- ca)E+ (o) 103u~, aE - (o) 1CaLT, cE ] (30)
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E 3 yTiy T (©o-xyz) . (28) (8)
ro , ro=Dq , D
D=[(1- a)E+ (o) 'as0, aiE - (o) ‘asl, a:E] (31)
ai, az, as
a= [alazas]T:m'ljcd*n:— L-lﬁi (32)
ro t , Q=mro , Q= dy , @
d=m[(1- a)E+ (1) 'asl, aif - () "as U, a:E + (1) ‘asri] (33)

ri ri (©oxyz)

w e, e, es , w (0o xyz)
w= (& e, eles, ger)' = Gq (34)
G 3X 9 ]
B(uNri,-)T - B (lTrij)T - O((lTrij)T
G= =5 - a(in) & ()" 0 (35)
- ool (U- ﬁrij)T 0(|(U- rij)T 0
J (O-xyz) . (34), (39)
H (©Ooxyz) H=RJR'X
H = WYq (36)
3x 9 Wy
Y= RIR'G (37)
(31), (33), (36) Oo H (Ooxyz) H=
H+ rQ,
H = Yq (38)
y
W= W+ rod (39)
ro ro (Ooxyz)
F, M Oo ©oxyz)

Agq=B

} (40)
A=[d, W] B=-Aq+ [F,M']
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1
- 1= 0, uu- 1= 0,rfu- BI’=0 (41)
(40) (41) 6 3 , 9
3 b 2 ( 5)' 11 2! 3! 4
, u B: ro \ 2 r2, v, 3
% u, v l1, l2 2
2
Table 2 A
rigid body i i X y z ] a1 a>am 1 b Jz
B1 1 2 2/t ult reu4? 1L 0 Omidwx  Jy 131}12
B2 2 3 r3/lz vi2  rav/i3 2 1/2 Omz 0 mal3/12 M2
B3 3 4 raa/l3 v/l2 raav/lal3 13 1/2 Omz 0 ma2l3/12 mal3/12
5
Fig 5 Spatial motion of amultibody system
Oo ©oxyz) q(i= 1,
2,3)
Q= [rl, 13, U1, 2= [r2, 15, V]",qs= [r3, 1, V'] (42)
(33), (39) Qi(i=1,2,3) Oo Hi(i= 1,2,3)
Qi= CDC]i, Hi= 1'H(]i(i: 1, 2, 3) (43)
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@& (i= 1,2 3)
@ = mi[E,0,0], &= M2/2[E, E, 0], &= (ms/2)][E, E, 0] (44)
W (i= 1,2,3)
Y = [l‘pil, ‘Piz, I'IJB] (i = 1, 2, 3) (45)
W= RiJRIGi+ rad(i=1,23 i=1,273), Gij, D; G & j
, To i Oo foi (Oo'XyZ)
Ri= [rzl 1, uli 1, - L1Nr12|12] , Ji1= diag(Jlx, Jiy, J1z)
Ra= [raslz®, V2t - wrasl2?],  J2= diag(0, m215/12, m.l3/12)
Rs= [ralz®, vi2!, - drul2'l3'], Js= diag(0, msl3/12, msl3/12)
0 0 - (Ur)"
G1= ll# - (r)T @Wre)’ 0
- |1UT |1UT 0
- (46)
0 0 - (urs)’
G2 = _|J§ - (uNI‘ze,)T (- UNI’23)T 0
-1 12V 0
0 0 - (vras)’
Gz = _21_ - ()T (vraa)T 0
1213
- s I3V 0
18 q
q= [ri,rz,r5, rh,u’, V] (47)
) Q H

Q= dq,H = ¥q (48)
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DY
b= &, , P, D, 0, 0]
W= Y, W W W, Wy, W]
d =mE,H = (mz/Z)E,dJQ = [(m2+ ms)/Z]E,CD; = (m3/2)E (49)
W, = Wy, W, = W+ Wy Wy = Wy + Wy
W, = Wy, Wy = Wiy Wy = Wy + Wy
g. , 6
Q=0,H =Ho (50)
3 (47) 18 (50)
(rr1- 1) (re1- n)- lk= 0k= 1,2,3)
uu- 5= 0, viv- 13= 0, (ra- r)"u=0 (51)
(I’k+1- rk)Tv: 0 (k: 1, 2, 3)
(50) (51)
Ag=B (52)
A, B
W oy W W W g
oY (6} & D 0 0
- 2 I 0 0 0 0
0 - rx I 0 0 0
0 0 - I3 I’g4 0 0
A= 0 0 0 0 u 0|B=[HoO]" (53)
0 0 0 0 0 v’
- ud 0 0 12 o
v 0 0 0 re
0o - v Vv 0 0 ris
L 0 0 - vV 0 I 34
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) ra(t) , (53)
: 2 6., & 3 6

yi= arcsin(Gv/iil2) ,yz2= arcsin, (rizrs/lilz) ,y° = arcsin(rzsrsa/lzls) (54)
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ONDY NAM ICSOFM UL TIBODY SY STEM DESCRIBED
BY FULLY CARTESIAN COORD INATES

Liu Yanzhu

( Shanghai J iaotong U niversity, D gpartment of Engineering M echanics, Shanghai 200030}, China )

Abstract The formulation of kinematics and dynam ics of multibody systam basedon the fully
Cartesian coordinates has an mportant advantage incomputational efficiency. In present paper
the analytical expression oflinear and angular momentum s of rigid body and multibody system
in fullyCartesian coordinates and the coregponding generalized inertiamatrix are given T he dy-
namics of a torque- freemultibody systen described by the fully Cartesian coordinates in the
form of differential equationsof first order isformulated and can be used for the analysisof at-

titudemotion of gacecraft

Key words dynamicsof rigid body, multibody dynamics, attitude dynam ics of gpacecraft



