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XTFREZSHABMRIBR SRS, B ENIRER, —EH&8%XHE.
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[]8. Hayek® F|F Lagrange 77 BAF5T T 75 A P ERFTH BIXT B B M RS H4S 1
THRFTEVERRIEPZEFEMNERANHEMBRY. Lou % B EHAR
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BIXPR B RS EHE LR 08, s (6] MAS LM R, KEEREAED
FTEREEAIZAEBRESWRES TR — R BENRES TR, FEREER
T Legendre bR ¥UE R B %

AN FER Kirchhoff RIZH K, KHEAE v,v HEW M UBEEK ¢ M1 v
Fonke, TR ESAREPEAERTNE BRISR L. HPERKEHLRE
WA A, MR RARMMEN S/4RRAETE; B LR ZRRIKLF
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1 EEXFIEMHE
RARBIFR, MBEHIUTERDE 1 PR, RFELBH v o F v,
1 Kirchhoff 5%, BR5JLIa % 1

€6 = E(u,o +w), X6 = ~ 3 W.00
1 1
€p = E(UCth + v gcsch + w) Xé = "ﬁ(wwcs@e + w gctgh) (1)

1 1
Yogp = —R;(u,‘ﬁcsc() +vg —vctghd) , Xap = —Rﬁ(w‘d,ctgﬂ — w gg)csch

H1 BRELEaREE
Fig.1 Spherical shell geometry

HoAg 53R Xt BT BR 7 BEoR AW 5. BR7CTE ] IR 48 LA A 2 2007 2 9] i Hamilton JR
HeE, B

8 ,/ t?(:r ~ U+ W)dt = © ()
A
T = % phR? / / (u% + v% + wh) sin 6d0dé (3)
U= i [[{6l2e0 + 20 = (1= v)(dzoes = 17,)
+h2[(xo + x4)? — 2(1 = v)(xeXs — X54)]} sin 0d6de (4)
W = —R? // P; - w - sin dfd¢ (5)

Hr, THUZHRRTEONEMNERE, W BIIEND; ¢ RREHE,
p, b, R E Ml v sy JIRFTERMERE, BE, PEH¥ER, HREREMENE; P 2RK
PN E S, S5 RRE o fEERS), "TESAREER FREARTNEET
Xitg

Py = ps-w-cshp(kriw (r=R) (6)
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K oy BRBEEE, o BREEMEPHEE, *kRBIEHK B
k=uw/cy (7)
T ho(z) B FRE X
rP@) zh{P(z)
ad_x rD(z)] () — 2k, (2)

hn(z) =

A hslz)(m) Sz B FhER Hankel BREL.
BB ERARAR 2), B TR FEA

Nyg + Npg gcsch + (Ng — Ny)ctghd + Qo = —phRw?u
Ngg,0 + Ng pcsch + 2Nggctgh + Q4 = —phRw?v

Qo6 + Qg,6c5¢0 — (N + Ng) + Qoctgd = —phRw?w + RP; ¢ (9)
My g + Mgy pcscl + (Mg — My)ctgh — RQye =0

Mgd,,g + M¢,¢CSCO + 2M9¢Ctg0 - RQ¢ =0

A

* 3

Bt
Ny = 1—V—2[u,g + w + v(v gcsch + uctgd + w)]

Et*
Ny = 75 [v(up +w) + vgcsch + uctgh + w]
-V
Et*

Ngy = m(v,g — vetgh - u gescd)

Mo = ————=-/—wps — v(wgecsc?d + w gctgh)]
= A Ve - (w,gpcsc?d + w gctgh)]
Et*h

Moy = — - p
06 B +Y) (w pctgh — w g4)csc )

KHF ¢ =h/R. K (9) B RERFE T ERHRETEB B RAIMZEH B
SRR 6 K ¥, R
u= @4y — VRsind , v = & 4csch (11)
R (11) RAR (10) BRAR (9) I=RK, Hb Qo, Q4 FISEAR (9) BHAWHM
#x, AERZR
(V2+ 22 +2)¥ =0 (12)
(V24 ;)P + (@ V2 + a3)w = 2WRcos f + ! -; Y ¥ oRsinf (13)
V2P + (g V* + a5V? + ag)w = 2¥Rcosf + PgRsin 6 (14)
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K
vi= ;—; + % - ctgd + %;2 - csc?6 (15)
o) =k (22 +2), ay = —t*?/12
azs=1+v+2koas, ay =—ag/(1+v) (16)
as = ~2kpap | ag = 2 — ko 2% + koks 2hn(82/co)
2= Rw/vs , v3 = E/[2(1+v)p]
po=ps/p , co = cp/vs (17)

klz(l—-l/)/Z, kgzkl/(c-{—ll), k3:p060/t*

B, X (12) BXTF ¢ BF KM TR, W TREEE, RS23RNk
O —RREN; W (13) M (14) MEXT ¢ Ml w WKI W WED TEA HE
WOGEEER v FE L, WK 13) M (14) FRAK (12) AP HEE oM v, K
MAZ =T w B FFR W 7R

[04V6 + (a5 + ajoay — az)V4 + ((16 + ajay — a3)V2 + alae]w =0 (18)

BRA (18) (N5 w HR, HNK (13) M (14) 7T, HEE ¢ FAETE, S2H
37 8 1% 3 U BR 4 28 — 25k 30

2 EFERTE
XFRERT, W\ (12) M (18) MEE R » M ¢ BHWM TR

w= AnS.(0,4)e™", = B.S.(0,4)e"" (19)

n=0 n=0

HH Sn(8,¢) = pi{cos0)e™® HRMEIEREL pr(e) MEXT = HE—-REWH
Legendre BR¥(.  A,, B, HEEFEH. HEARAK (12) 01 (18), BIR KA diiksh
HIR T

P =(n-1(n+2) (20)
agnd(n +1)° — (as + a1aq — az)n?(n 4 1)?
+(as + aras —az)n(n+ 1) —ay1a =0 (21)

AUEERL B-XKRFRTE 20) PAFTHAKE—SE, HEX 10 FHHE
EHRHRTENE KPR R B



% 4 W THELA - W] AR D RS 5 RS 389

4 n =0 RERFEAEAR MRS, X NFFER PRREE, 1A (20) REE G
REFBTREmR, SOREILEMETEN

og =0 (22)

¥ (22) M (21) 2RI ERIM TR
F1C§x2 — 2 = F,Cozho{z) (n=0) (23)
F3Cia* + FyC2x% + Fy = (FsC2a® + Fr)Cozhn(z) (n=1,2,---) (24)

KX z=0/Co, F; AREPAZH, B
Fi=ky, Fy=kiks, F3=kik;
Fy = 2kyks — kan(n + 1) ~ kilegn?(n 4+ 1)2 — asn(n + 1) + 2]
Fs = agnd(n+ 1) + (az — as — 2kjaqg)n?(n + 1)?2 + (2 — a3 — 2kyas)n(n + 1) — 4k

=as(n—1)(n+2)[n(n+1)(n? + n+v — 1) + 2k; /4]

Fo=kFy, Fy=[2k —n(n+1)]F
(25)
HEEEAR, W2 ha(x) =0, WX (23) 71 (24) BN FHEHER7HE LKk
R TR HYTMER o << 18, BEE ¢ ZWH LI (B4 ap = 0), BT
BEPRFTE RPRFEE 0] FrAHE. mMRERREGTTEERATEZY,. A
2R FH (23) 1 (24) FHIA Cohn(z) R Z LA —02/(n+1) BIET B,
FIH Rayleigh 203

K@ (z) = (1™ (5:_(%1’,"5; (n=0,1,2,-) (26)
¥ D (2) BRI TER

R(z) = ‘i’;—g)e—” (n=0,1,2,---) (27)
Kb An(2) TR « 9 n IRETX. AKX (27), X (8) & LHERE ha(z) ATRRH
hn(z) = An(2)/Bnii(z)  (n=0,1,2,--) (28)

R Boyi(z) H o+ 1 KEBUK, HTHHE
Bii(z) =nAn(z) — Anpi(z) (n=0,1,2,---) (29)

TRITEE (23) M (24) LA

Cs(z)/Bi(x) =0 (n=20) (30)
Cnts(2)/Bnia(z) =0 (n=1,2,---) (31)

A Cule) BR « 9 n KETA, RiEHH
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Cs(z) = (F1C2x* — 2) B (z) — F2Coz? Ao(z) (n=0) (32)
Cris(z) = (F3Ciz* + F4C22% + F5)Bpny1(z) — (FsC22? + Fy)Coz? An(z)

(n=1,2,--") (33)

A LAERA C3(x) F1 Bi(z), Crnis(z) Ml Boyi (o) BRAARE & (SEMR), BB

ZI R R

Cs(z) =0 (n=0) (34)

Chnys(z) =0 (n=1,2,--+) (35)

THBRY n = L B = =0(B) 2 =0) F R _FHMI, =K (34) fl (35) WHEMELH

SR (M), #3Lh, #—PHEHR 34 M (35) LN —T=IKM—JC n+5 K
LRBRBOTE (LH=R)

R3(y) = C¢F1y® — (C¢Fy + CoF2)y* + 2y —2=0 (n=0) (36)
R,.i5(y)=0 (n=1,2,--+) (37)
Afy=-zi

MEZE$ HARIEE —8, REBERFTIEMIRIRDGER » FEETERETT
B, X Silbiger O H A BB 11,

3 HEIFIoh

HTFE—XMEFE (20) BEAREEESHAETR, THRZEB -RHBK
B BR 2 H po, Co, v Zt* HX. K (36) B— AWM= HRTHRYE R
s KRR (37) & (35) WIRNIFH Laguerre % (12,

n=0,1F2 WRILEEIZARTE 2, 3/ 4. HABGTBEERIHRA TR
(34) 1 (35) B L HAER, E2RIHET BRXTFR, EMSENEET 28
LR TFHT RS

Bn=08, WEFR (34) HE 3 NERARPBERBARE. AE 2(a) F
AR, XF BHMXTFREABRIREE po BT LA %75 R EA R N ZEACR
255 ZEE 2(b) fr, T BRI BRAYAXAREE Co YA ) Lo,  TI2E B AR ) B
BEER BT £ 2(c) B, T RREXTPRWARXSREE v M KT 2SN BE, [
S BREAREE A S 2R 2(d) H, %t =0.01 BY 5 (34) W= RERRAEL
EHEHIEXT B A PRA AR ARIE ¢ 93K FAM, S0 Nk ¢ $KT
W .

Ln> 1B, BEFROBEE > 6, RILBEREHEZE R EEY n =15,
FFEFESENEN ZER. NE2 3TWUEY, YRRGSBUELE, BHuk
BIRAHER. BRKAEE n > 2 BB HUEE, THHRVR » =2 ML, HEGTE
(35) ZH X LIAIER /D, EIBB/D, XHMEEBE B GBS =ER
ek, EXRIRPEFEEEX.
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Fig.2 Root-loci plots for frequency equation (n = 0)
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Fig.3 Root-loci plots for frequency equation (n = 1)
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4 xT/MREZREZE

X (3,5 ', HERABREZHMARRMMELR. ANTERREFREF R

M T & A 3K Hankel RETIRAERBIIAMR; B—HHE, ZEINTRELRFZITA

RA—RAU IR B 5 AR B B IRSVARENE, FHIHBEICKA/MELERH
BRI RHE, K

2 = 02°(1 +ie) (38)

He 2°20, 0<e << 1. ¥R (38) RABE T, P Taylor BIF, BEE < EH
o, AHILHMERDHAFFRER « ITHR—PXT 2° WLRBIERFRE,
REGERERE 2°, RISTRME o, AT RIS 3).

AT RR/MHIE RBRER AATHE, 7ER 1 PN T RESECREN /N R &
BRI HER. AP R AR AR 5 I R R A se R T e/ R U
B (A TR — B AUE B R BUR), EF LT FA SO 3K M N R 5 %,
PAYE Hode.

F 1 MHEERREBERMBERIILLE
Table 1 Comparison between small damping coefficient (SDC)
method and present exact (PE) method

n 0 1 2 3 4

(1) | (2.506,0.662) | (0,0) | (0.494,0.359) | (0.607,0:231) | (0.738,0.135)
SDC | (2) | (2.586,0.401) | (0,0) | (0.930,0.068) | (1.137,0.029) | (1.275,6.007)

(1) | (2.591,0.663) | (0,0) | (0.433,0.159) (0.599,0.130)T(0,747,0.094)

PE | (2) | (2.616,0.402) | (0,0) | (0.985,5.062) | (1.143,.027) | (1.279,0.006)

(1) pp=02, Co=0G2, t*=003 =023
(2) po =005, Co=05, i*=007, v=03.

MEHALUEY, X8 1ASEME, b T REXERT A bR E e 1E /8
B, WHRTEASTREHERFENR Gk =114 2=0), IEIFF/NHE
AP EERAERAREDE. TXMTE 2485 HRIESHR, FHik/)
FEBRBUEREEAHCREIEERE. Sk, #—SWUETEH, M 148%
Fil, RERBZRFENERMARZERIL 125.8%, Hh TRERIECHAEE
AHRFAYNTIHREREF 141%((n = 2), B A/DER R B ITEAH B RS, B
HERERA—ESHEME REMTESFROMERSE, NEERBIERE R
BuE R A F B

5 & i

1) AR HLAR B A B ER T A AR R B B RS E W R RS BE TR BT
FEFRER, B SC [10) Frag A —2
2) AP RERTER R E miRNMEMEBRG; MY n=18F 2=0,3f
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T BR 7T R A2 B

3) BRI BE—TEHKAM TR, HT L RERESE, Kg
eI 8.7 {5

4) ZHR An(2) BIFIARHBHEL KX FHE, EBR Hankel REIIFAE N EWR
FITE, FER B H Rayleigh 20 AL

5) % n>2 B, FERTE (35) ENEENSECEEN, ELHF —XMRRIERF
BE A RE A E, EIRTHFEEZ L

6) /N R BEEHI X R B, R IIBRE T ERAEER, MEMNITRE
BEXERREA -2 EENSFIE.

2 £ x ®

1 Junger MC. J Appl Mech, 1952, 19: 439445
2 Hayek S. J Acoust Soc Am, 1966, 40: 342-348
3 Lou YK , Su TC. J Acoust Soc Am, 1978, 63: 1402-1408
4 Carlos AF, Thomas LG. J Acoust Soc Am, 1980, 67: 1427-1431
5 Su TC. J Sound & Vib, 1981, 77: 101-125
6 Prasad C. J Acoust Soc Am, 1964, 36: 489-494
7 Wilkinson JP, Kalnins A. J Appl Mech, 1965, 32: 525-532
8 Ramakrishnan CV, Shah AH. J Acoust Soc Am, 1970, 47: 1366-1374
9 BZL. BENYE (F) F=M, ARMEFHRM, 1983 216-222
10 Love AEH. A Treatise on the Mathematical Theory of Elasticity, fourth edn, Dover Publications, 1944:
549
11 Silbiger A. J Acoust Soc Am, 1962, 34: 862
12 ff3t¥ £ 4. Fortran 77 HE:FH. L HRRE, 1993: 499-506

R SEGREREEC

FIA D () BB AR, RS

An(z) = 2n — D)An_1(z) — 2% An_2(z) (n=2,3,--") (F-1)
BEED An(e) BBHEAR. B (26) 1 (27) AT 75
Ag(z) =i, A(z)=i-= (F—2)
TFRZERK (F1) A[RE
Az(z) = 3A;(z) — 22 Ap(z) = 3i — 3z — iz? (F-13)
AR (F-1) M (F-2) FAERER D] A.(z) BHEEEH
a=1-3.5---2n-1i (n=12...) (F—4)
MR (29) /LR Bnri(z) B EOTRE
Woi=-(n+1)a) (n=0,1,2,--) (F-5)

B (28) H hn(0) =0, WBR o = 0B 2 = 0) FRFE 23) AR H =0 BFIE ) M
B, MER P =0 @R (25) 8, HH n=1KAEME F =0 B =0 HHE (29 AR, HA
Ln>20 =0 WARTE (24) IR
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BETRATLERA AR (23) #1 (24) BFIEFER. FIH Wronski FX

Jn(@)h () — jh(2)yn(z) = 22 (F—6)
HH Gn, yn, 5 B v HFIRE—, B 25K Bessel BHEAESH, W ho(z) BT
Imfhn(z)] = ! 0 (Yo HIETLH F -7

st >
22(j2 + vi?)

Ft, mRITRE (23) M (24) HEW, WAIHH1FH

F2=0, FiC3z® —2=0 (F—8)
FeC2z2 + Fr =0, F3C8z* + FyClz? + Fs =0 (F-9)

{BR F2 = kaks > 0, BI7 2 (23) AAJREH LR H (F-9) A[ 244
F=F3F2 — FyFyFs + FsF¢ =0 (F —10)

BRZFHETH F = —[14 as(n® +n+v — D](1 + v)n(n + 1)k2FZ <0, JWHE (24) BWEFHIEFE
.

M (F-2) f (29) 18 Bi(z) =z —i, ] Ca(i) =iCoFz # 0, B Cs(z) Ml By(z) WA AHF R (K
A ). EWRE TR (30) AL AR (34).

HRA (F2) fil (F-3) Al Ax(2) M1 Au(z) LT, MK (F-1) A HPWREKIE Aa(z) M
An_a(x) BAEFTAH. FW Ac(z) B Anoi(e) AR H 21 #£ 0( H o #£0), WA (F-1) Al =, 1
B An2() HES, XS5HAERETE. FEEER (29) 7HE Buti(z) Ml An(z) BIALF L.
BIERTE LS, RONTUBRSITRMESF R 31) PHEMR. B3 (33), M Cnys(z) M Bay1(z) H
— B AT H, WER FeC32?+ Fr =0, B H BN

9 —Fy nn+1l)+v—1

¥ T CIrs CZk; ( )

BRHEAR N AR, BT Cais(z) Ml Buia(z) RATREER AF . TRA G B (35). HdiF
(33) (Al n = 1 B =z = 0 WARTRREMRTTR (35) WRA N ZER, FIETEFROBE|MAm= (s5)
Kt

05 (o) FRA
An(z) = fule) +ign(z) (F —12)
RHF fol(z) Ml gn(2) AZRZPZ AKX, HBHEARXF An(e) —F. AKX (F-2) &
Jo=0, go=1; h=—-z, g1=1 {F—13)

MR BHERTTH fo(z) HEEEL T gn (=) RBRY, B An(z) BT KT RPOTEE, THAM
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FREE VIBRATIONS OF A THIN COMPLETE
SPHERICAL SHELL SUBMERGED IN A
COMPRESSIBLE FLUID MEDIUM

Ding Haojiang Chen Weiqgiu
( Department of Mechanics, Zhejiang University, Hangzhou 310027, China )

Abstract By the introduction of two displacement functions, the non-axisymmetric free
vibrations of a complete thin isotropic spherical shell submerged in a compressible fluid
medium are successfully investigated. It is found that there are two classes of free vibrations:
the first class is not affected by the ambient fluid while the second is. It is further proved that
the frequency equations can be expressed in terms of polynomial. For the second class of
vibration of submerged spherical shell, it is also demonstrated that only complex frequencies
exist except for the case of n = 1, for which the trivial solution 2 = 0 emerges. Forn =0, 1
and 2, the root-loci plots of frequency equations of the second class are given in the paper
and the effects of various relative parameters are discussed. The method of small damping

coefficient is discussed finally.

Key words complete thin spherical shell, displacement function, compressible fluid

medium, free vibration, root-loci plot



