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A Statistical Theory of Elastic
Materials with Micro-defects

S, A, Zhou* and R, K., T, Hsieh
(Department of Mechanics Royal Institute of Technology S-100 44, Stockholm Sweden)

Abstract

Engineering materials always contains defects, such as dislocations,inclusions,
cracks-.-, and many material physical properties are considerably changed by their
presence, Sﬁecific investigations of their effects on the mechanical properties of
materials can be backdated to Taylor’s work on dislocations (1934 (1)) , Eshel-
by’s elegant method on inclusions (1961 (2)) ,Bristow’s siudy on microcracked
solids (1960 (3)) , and Hashin and Shtriikman’s powerful variational principle
on inhomogeneous materials (1962 (4)) .

It is known, however, that those noun-stztistical approaches do give reasonable
estimates for the effaciive mecharical properties for some defectuous matéfials but
they fail for others, This is due to the fact that the periodic defect array model or
random mod¢l used in these approaches does not accurately represent the micro-
structure of the material Some improved models accounting for the material micro-
structure are tnerefore needed, In real materials,too the different types of defects

often co-exist, However, each of them was treated in a different way, It would
be therefore convenient to find.a unified approach for the treatment of different
types of defects,

The purposes of this paper fare concerned with the answering to these two
problems, Using the approach of elastic multipole modeling of defects originated
by Siems (5) , Kovadcs (6) , Zhon and Hsieh (7, 8) , we develop accordingly
a statistical theory based on micromechanics analysis which would make it poss-
ible to set up a bridge between the macroscopic continuum approximation and the
discrete microstructure of micro—defects, and to derive the macro-properties of all
types of solid defects from a common basis,

Two illustrations are given, The first one is concerned with the study of
the interaction of a macrocrack with distributed microcracks in an elastic solid,

In this problem, the ysual assumption of a uniform effective field for the
treatment of cracked solids (see Hill (9) and Budiansky (10))may be not suitable

® On leave from the Department of Applied Mechanics, Fudan University, Shenghai, China '

— 395 —



since the existence of the macrocrack in a microcracked solid makes the stress
field near the macrocrack tip varies rapidly, This has been noticed by Chudnovsky
and Kachanov (1983 (11)) who studied the two—dimensional interaction of a crack
with a field of microcracks distributed in the vicinity of the main crack, and by
Zhon and Hsielr(1984(12))who gave the results of three—dimensional interaction
of a crack with a field of micro~defects(including microcracks)in an elastic solid,
These considerations based on a generalized self-consistent method, in which the
effective stress field may be non-umiform, however arrived at a system of finear
algebraic equations for the determination of large number of unknown-values of
effective stress fields at the defect “centers ” although they can be solved exactly
in principle, Through this statistical theory, an attempt is made to reduce such a
phenomenon resulting from the analysis of any discrete microstructure system to
an appropriate macroscopic continuum approximation,In the case of the interaction
problem, the system of discrete linear algebraic equations is reduced to a self-
consistent linear integral equation for the determination 'of the average effective
stress field, which may be solved more easily,

The second applicatisn is concerned with the determination of efiective elastic
moduli of solids with micro—defects whick may be statistizaily inhomogeneous,
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