H
i
w
W
=

1981 5£ 5 A h

BRET—BARIDRFEE
R TEIER 1R FH B
5

(EBETWRRRID

RE AXEARESHHPEHEERBAR I SO B * i R F 1| 7] &,
HUREREY T —RENTE RIS AT R

= =

—. 8

AP s A RIS P R A 2 T N NE R A B o hr Yy, R T —FHpE R
HoTitE SR, IRMHERNRARBNPESEREHREHEREN, RELRFEE K
B, X A R AT — R A RS L — B AREIRETTED Riz g0, KX
FENS—RAEEABREREL., XMNETRERRREL EAIAENT R, HE=2
FE A, AABRERHEBR, FURETHT AL, HUELEMFTHEXSHERE
B> BaTHARETHESRINIRERRE, b, KX GEARFEARELITRLE,
gR#E—FEITE.

RI\EATE, RIVERETHNOERITERF. BIEFITERE, AERE
To—— VAL 5 S 4 5 SR AR - T ] BB BRSO Y » B S,

=, BRESHKREH
FEXERI2], RATY S THELEAEN S TR RER. flin, Y%
B, TREN A REE
ne1 &
o =E 2 D7 i( + a qavasn ity
k=1 i=1 7

n—-1 k

oy =E Z Z (k—i+ D(k—i+ 2)a gapun y phoiyi=t )
k=1 j=1 2
n—1 k
T = _‘E Z Z i(k - i + l)a (S+1)(E+22 +i+lxk_iyi_l
2

k=1 j=1

AT 1978 &£ 11 F 13 BIKCE.



= 3 1 &R AR T ——WONA R P AR S 7 237

+ \
u=a; + azy + Z Z [](7—_*_)14 (g+1)(g+z i+
k=1i=1-k —7

—v(k—j+2)a RHDEED 4 ] xhitlyil
B Z[ e Ot s @
n—1 k . .
v=a,—[as+2a(1+)]x+ D>, >, [(k~7+ 1)_(k_7+_2)
k=1 j=1 7

Xa (k‘H)(k"'?) o ‘D(] + 1) a (5+]2(5+7‘l+i+z-| x’i_iyi
2
4

Z[m—l)
R, SRR ) RO R M EATIR » — L k5 0 — 2 KWSTIR, Hh
gan CELL LD s o, BR, BTRERKLRE o2 =)

ARIREAED,
k—i+ 1D k—i+2)k—i+3Dk—i+ 4)a qanthrn

N P
ak(kz+3).§5 AL v) a"‘(";a)'HJxk ]

+2jG+ D(k—ji+ Dk—i+ Z)a("+3)("+‘)+i+z
2
+ 7+ DG+ 2)(G + 3)a ganas i =0 3)
2

(k=1—(n—3), j=1—%.)
Bl SERRR I R BOR 2(2n — 1), EERARETT— BRI F F 4 gf 1 5 S 1 (R
i, RATRICLIE MR (2) KIEA BT, H A RETEN—BER, HHTE 2n —1
MHRLEHOT RABRABXERY, DRERTZIE
B Uh A A .

Ak, AICHRAE 1 BRI R SRt AT
KRR, XMBETHBARTANSHE-LXE
BE—HBXEDLRE s ML ETETHNEZD,
WET R, BETBEEHEER, HTABSBRSE -
R » — 1 REMRK, FTLL, YEGX B SR (4, A1
v) AEARRBA, EHD L, HBETHMEESERTEIRIE, BITNE=1L,
SHRXIBH D RERN, WATHITR, RAF R BEEYAN; MY B BR AT Z RN
S A, BT A 1518 X 4 RAEARIE AR ESE, B I DU SE 78 S Ak 2,

HEIT 20 — 1A R EEOHT RGLH R4F , R R 035 B RT B GR R(3), RATTRA RT AR 3L

REFou %(*” MR ap BT HBA
[cHa} = {A} 7 ®

1

2n—-1

e



238 A 2 =4 i 1981 £

{a} = [c]7{A} €))
F 1, 0 FORIERE [17 9T HKBIA
— Z— fkiAi k=1__(71+1)2(11+2) (6)

MRERA (1), () FR, RTENISABELTALE (b0 = (wisv:)s
i=1—2n—1 F;RWM

2e-1
Oy = Z R,'A,'
i=1
2@2n-1
o'y = Z ‘;,‘A,' (7)
i=1
220 -1)
=5 ra
§i=1
2Zn—-1)
=3 M
i=1
2Q2z—1 (8)
v = Z N,‘A,‘

i=1

FHer

3
1
-

7
™
M-

iG+ D g+12(g+z i kiyi=t

k=1 j=1
n—1 k
=B 230 (ki DO+ ) fssmtaon 9 | ©)
n—1 k
Ti=—F k=1 Z{ =i+ 1)’____(""'D(""'Z)+i+x.:"rk_iyi—l
1= 7

) n—1 k ( + )
M;,=n + 5y + Z Z [1_7____1(“_1)(”2) Hithi
: i1imitk—1+ 1 —% \

—v(k— i+ 2) farnad +i,i]-’-‘k_"ﬂy"—l
s

n—1

Z[/{(/{ — )’k(k+s) + 2+ ”)tk(k+>)+z,]yk
Ni = Iy — [131 + 2’51(1 + ‘D)]I 7 (10)
+ Z Z [(k—1+ 1)’(1{ —i+ )’(k+l)(k+2)+,,;
=1 j=1

—»(j+ 1) t(k+l)(k+1) +,-+z”.] xkiyl

n—1

-2l

\ T kD 45 + @2+ ’k(k+3)+, ] *
¥ TR S (DR R B TR RS, A« ¥ B LS BT RRW



% 3] ¥ fB: ARAT—BRNERFEERHEE R Y EE

239

© 22n—D
X = :E: X}Ai
i=1

@2n—-D

Y = ;g; Y, A,

H
X:=Rl+ Tim }
Y;== TJ +‘Sﬂn

ifi (,m) R BITH R ELN T ARIEK,

N I"Xﬁé}ﬁﬂ

BITAR E—REEAER N TR DR FE:
| (Xl =P,
- {yﬁ,_==ly

!
{
2. {"‘ =, {”

‘ol =o*

TR, RIS I R, X R B B, AT R

= 3 ortewe =, [T o, 2[5
“LETL S de=L T e
HAGILUDERRAT, A BR—BRLOTR
m— {ay (L txi(a) - (#})
b |
H [RAR; — »S)) + S; (s, — -pR;) + 2(1 + v)T,T,]dF

h'i]H

g [(X:M; + YNi) + (XiM, + Y.ND1ds
—_— g (}G:Jj‘k iﬁﬁii)dk-—-g (Xyﬂlf"k XyAli)dS r

F, =§ (P.M; + P,N;)ds —S (X + o*Y.)ds

+ S (P.M; — o*Y)ds — S (»*X; — P,N,) ds
B Green AR A[E
SS[R (Ri — vS;) + S:i(Si — »R) +2(1 + )T, T;1dF -

- 56 (X:M; + Y;N,)ds
&ﬁﬁﬁﬁ&jum%ﬁxmﬂﬁ%ﬁﬁﬁimiﬂ‘ﬁﬂ

(11)

(12)

(13)

(14)

(15)

(16)

(17)



240 i) L 2 i) 1981 4E

Ki=[ Mo+ v ds— | M+ YiNDas

sty
5 A

KE s, =s— (n+ s+ s+ ), RARTHEMBRTS, WRRSXKRNHEAAT
HA BB AD RO,
HAR(18) R HA

22n-1)

> KA — F; = S [(X —POM; + (Y — P,)N,1ds

i=1 4}

_ S [(# —u®)X; + (v — v*)Y;]ds + S (X --P)M,
— (v — v®)Y;lds — g [{u-—-u*)X; — (Y —P,)N,1ds

+ g (XM; + YN)de - (19)
M E . &0 iR ST A cBAEB N, BEEINHMERE, TR ERARALHN
PR BH AR IEAE AR FM4 1—4 IR L, 2 5F
5 (X —PIM;+ (Y —P,)N;]lds =0
: S [(u —a®)X;+ (v — v*)Y;1ds =0

(20)
S‘ (X —POIM; — (v — *)Y;]lds =0

S [(# —a*)X;, — (Y — P,)N;]lds = 0
MEXBABEHTZEWALLR FF
g [(X‘;M:I -+ YﬁN;x) + (X"M,t-’ + Yc;N‘:,z)] ds =0 (21)

EE, YR TRNAIRRERTHED 1—rRo— Q. — D (@ 1), BF, I
BIETR, B R SR, IEREREXEHED LES, HHQCOARTR/EEDL
XL TN EESLAE E R

S [(X% + XM, + (Yo + YON,Jds =0 (22)

—RIER T, BB, 1—(2s — D AFRERBEXKBRBRERES, &
W, % TE= R BT ZRN AL, BT ARG BT XFDAES, HEE (D 3
BARBESEMKA(Q22), EXFHBRT  HRIETEEERLMFIA Lagrange RTEF
4k,

U MTEHNESEREX SN RE, R AT ZRANAKAR (B 2), XK DRBR
BELEREBERR, EXFHERT, AT RIEMBET AL R od BESHE, e

RZE _
N N 1



w3 ¥ M ARAT—BRIRFAEREEER T ERE 241

A 2

KE, o0 BREITTAIY bd, US—HOBTAKLR o HXF]; T (X, Y) WEES)
Lagrange T ERMNBATAF B, FREILEH,ED

SII = S [(X —P)8u+ (Y —P,)6v]) as — i ((u—u)eX
5 &

+ (v — 2*)8Y1ds + ( (X =P, )% — {v — v*)8Y 1ds

J sy

— g [( - ™)X — (Y — P,)8v]ds + g (X8u + Ybv) ds

+ S [(X — X)ou + (Y — Y)ov — (u8X + v8Y) 1ds (24)

W KIS ITETROBMA, X THR ., s WRLE#IT R, BTFaRNHHX,
V) WA T AREL R R R I (R EER, BETS o 1, RETE3EE A%k
AR bd IR E LA,

A RN N (X, V) g UER G RE BT XHAEE {0} RiGEERERE
[L] %R

[;:c] = [L1{0} (25)
WERA (23) RERHHE
m=[o) G5 GI-10D) 26)
Hrh
M, N
[4] = g M N [L1ds 27)
A.l 2(2n~-1) N 22n—-1)

H—F, MBBRTXAHRABEHEHTETALD bd EmASERESRN (X, Yil,
k= 1—m #HH:

{0} =XV X,Y, -+ X, Y, 17 (28)
ﬁlﬂiﬁ{é@ﬁﬁﬁ? [L] ¥ o BB, AHEIEHIENAE
Ml(xlsyl) Nl(xu}’l) °tc Ml(xma}’m) Nl(xmsym)
L= | M) M ) } )

Mz(zn—l)(xuﬁ) NZ(Zﬂ—l)(xl,yl) °t MZ(?n—l)(xm’ym) N?(Zn—l)(xm’ym)



242 h =4 ¥ # 1981 4

—

LE, ROBFMAS XESFEEHRELAER&EN, BREUT-BAREAET
1 ‘ ¥, UTERFGOFTURAZLR FRE S aERa6
BREXRE, SELEFENRERTEMLRTY

BEMRRBT] XHHEER,
UERTHITR LA HBEM B AN, LE)y
BER—EFAAN, MYBLE=ZD Em AN E (uy), I=
" 1—m A TREMBE W o) (B3N, REGH
A3 REGBENFERRBET, HEBEERGB), 3IA

Lagrange J&F (Ar,p) J5, W RN BUZ R

o | “ 17 (P, Sof, e
=] to}TieldF -1.10] [p] N2 ny 2. M)

22—

XA,-—u;"] + y;[ ; N; Cepsy) ’—‘--'—‘V;kJ} (30)

Ty TiERR Lagranze 58F (drm) MREEATER vy LHETH (X,Y),HUER
5

=) Gl 5 =15 GV

Hoh {0}, [4] 7397 H1(28)(29) R FER, T {0} MREAERTE =D LHRAMS
HE
{6} = [afofufof - unvn]” (32)
ETHRTHESER (K] Rl {9} WEE(16)XBEF XGRS TS, HE
{ K, = %SS[R,—(R,’ — 18;) + S;(8;i — vR;) + 2(1 + »)T,T;1dF

(33)
F,={,(P.M; + P,N,)ds »

bR b5 SR B B BT R o 2 R A RN Bk (E 2), #Y
B, UBRBRARERRN » — 1 RETK, FLWBBEET RS, < LUBED
EGE, RIVRBEAI D bd EHW 2 — 2408, RESX A BT BEXE AL
HE,RERIENBEEIENAKLDR od WESHE. XUTOGOX, EHE

= forta—{, [ 1] [

y

n—2 2Qn-1

- Z Z [4M (s yn) + N (xsy) 1 A (34)
=1 i=1

FEEHHERENEREAT (260)—(29) R, ARNERXERERF m=n—2 1
B, &R ARETE=ZL LAFETIIUABF &G, RERTHE LR AT ZRKA
HKit, ER EBEOHTER (r9) WBEmRET » — 2. XRENUBRLRER
B o — 1 REGEKHBR L » DRLWTTERMEBE (v,0) E—HHEHOZK.



%34 ¥ 5 ARET—BRRARFGERBRER D ERE 243

W, S THEEESHETXHONETE
BIMTE TR R AR E R L TR R, Bl

P, = Z Z Ph(h POSITE LS L
P, = Z Z q;.o. 1)+g “Eyst

h=1 &=

RER)QORARA AR, HE

-‘ = E Z Z Z Z {b(b + 1)! (a+1)(a+2) e [‘d(’l + l)li_l.l(-t.z) a2

a=1 b=1 ¢c=1 d=

(35)

i Fa— b D=

+ 2)¢ (a-H\ 4D, ‘(C - d+ 1)(c —d =+ 2)t ayesn vai vd(d
AL AL

—v(ce—d+ 1)c—d+ Z)ti'.i_‘l)_("‘”)

+ 1) ¢ caytern ] +2(1+v)bd(a— b+ 1)(c —d+ 1)
et

X ¢ Gyt Xt (14D i }]I-‘(a —b+c—d,b+d—2)
—_— ————tdtL,

1o

F; —'ZZP/.(A Dy, {11](1' g6 — 1)+ ). (h—g,g)

=1 &=1

n—-1 k
1) .
{ 7(7 + tryen — (R =7+ 2) taenasn ]
+ §=: §=1: Fl i e Z Hi (36)

n—1

XJ:(h—g+1<—i+1,g+i—2)—Z[R]{—6_T)tw,i

=1 £=1

Y]
+ 2+ ) Ik _]]:(/' — g g+ k— 1)} + Z Z Db,
2 e h=1 2

X{tz.']:(}’ —gg— D) —[ta+ 2t X1+ )J(h—g+1,g—1)

+ S [hmirDGoixD, famus | = #Gi+ 1)

k=1 j=1
R n—1 6
Xz J], h—g+k—jg+ij—1)— [
(k+1;(k+2)+i+z'i ( g k 1-8 7 ) é /((1( — 1)

Xnas,, + @+ D nam,, ]](h—g+k,g—l)}

ij =1—2(2n — 1) )

B8R MRRAAR (16) 75, LEAZIRUNER, HTARTK, XERAE
g



244 71 2 =4 i d 1981 ¢

EAR(36)H
Je(a, 8) = H x*y*dF
d (37)
]:(as ﬂ) = Ssx"y’gd.f
qAUER, ASREMARNEERTAENTERERAETEEX RS, HERNE
STXERSE. UEREMSEHRATESEEEST ), RS N TEENm
BEBFE(E 4), By

m B+l a

zzz(H“—'f“

( +1)(ﬂ+1)k 17=0 i=0 “A=1
X(H ‘ﬁ—_hﬁ‘\) (-“:<+1 N\ xa)(hu == yk)jxk";fxiyg_i+l (38)

1a+h+;,
X TFHE—EL (B 5),%

Je(a, B) =

o \/\»\kbl_‘ ’k/ +\yk+1_}'k)
];(a; £) = —— o

X i Z <III = ;' a h)(ﬁ B—ht 1)"—’;;{1’1;(}’1&1 - }’k)iyf_i (39)

i=0 i=o0 “h=1 pmiet+ A1

/} e

B s

mﬁﬁ(36)—(39)ﬁﬂ]ﬁfﬁﬁ%%%ﬂﬁI‘Eim——ﬁﬂ’z}mﬁ%#é&ﬂ’ﬂﬁﬁﬁﬁ%ﬁ#
T. R BHTXEANNER LB S ITENER, LB RRNER R RI1E
FA— X A AR B B TR EFTERL MAFERRNOREE, RTHEE, XAR
ERAERETIRT.

I, BRGERIMEANITE
AR ARG TN, RITESFAENER BT RE(D ) LBINEL KR, X

miR, FEEEERTERARED] | H%E. BRTLES, AEERIE

FRRARE RN BETALR, HER T AMEHER.
YERRNAE B, N ERE

o, = —F.x
oy = —F,y } (40)

¥ =0



n—2

+ Z (& + 1)(k + 2)(asgsacos kO + aspyqsin kO)rk

..l. T = k(k _— 1)(ﬂ4k_3 sin k@ — @4 —COS k@)rk—Z
E k=1
+ Z k(k + 1)(a4k+3sin kO — aygiqcos k@)rk J

k=0

%38 ¥ 15 BIREL—BRER SRR W T RE 245
u* = ——%—[i F.(«2+ vy?) — vaxy] .
41
=L oy = L RGO+ e
FRZARUOES I, T AT, B R R
22—
g,=— F,x+ ZRI(AI_A;")
20n—1)
o,=—F,y+ Z Si(aj — Af) (42)
“0n=1
v = > Tiaj—a})
Hznt)
we —L[LEGe v ) sF ]+ X Ma = aD)
) - (43)
o=ty = LG+ v+ X N — ) |
E 2 i=1
:20s 0 ACI R g Mot =R o
_ _ Ay L o oAEY
1= {a—avy(Lix1(a - 2%} — () (44)
X, B AR EGIIT R, AT, XA
_ M ;x ON;y . .
F, SKP e + F, 3 )dF + S‘l(P,,M, + P,N;)ds (45)
i=1—2(2n —1)
75 MEFRRGEEE B
FERABIRR G, RAOTAIIRE 1, S ™
—11::—0', = —Z k(k — 1)(agg—3cos kB + agy—;sin k0)rk2
k=1
- Z (k -+ l)(k —_— 2)(aqk+3COS 1{6 -+ 2V e sin ke)fk
k=0
%O‘g = i k(k — 1)(aup—3cos kO ~+ asy—,sin k0) rt=2
k=1 L (46)



246 v =4 % iR® 1981 &

n

u = '—(1 -+ v)z k(d4k—3005k6 + ﬂqk_zsin k@)rk'l

k=1

— 2 [(F—2) + (k+ 2)v](as+acos k0 + agissin k) rkH!
k=0

. (47)
v= (14 v) Z k(a4g—3sin k0 — as_ycos k8) r¥?
~+ 2 [(k + 4) =+ /{v](aqk+3sin ke - ﬂ4k+4COS k@)rkﬂ
k=0
HbFER B o WRER 2020 — D 4 BEARGRFFRHERYRE D, XM

R AR AR G 5 I 5.
HREAE (46)(47) BRV] 28 IR0 505 6 177 R8T — i R FH SR

BT, RTREE, b,
t. Ef-#RsffrRATHERTR
HAHAR XS ME 6 iR, £ LEAERAREANS, BT R, KATRE—RIRN

y

B 6
1/4 BA— N8B0, EXHENEM, FIREKEEREEXERTOER, BIEE » =
3, iR ERE s MR, sEIEME, HEX

Uy =ty =ty =03 =0, = v; =0

(48)

Uy = U —

N trjln-d

u5=”1=1._.

by

MAERAG) (O, RABEHNIRMFRER T HENR



#3584 % 8 AT BN R S H kR IR S ) 247

=1
o, =o0,=1 “ Ex
} (49)
r=0 v=1,
E

AEFEH, XMTFRERRE. BRITYARABRFTETXEE. MKBETHIE
n=2 —HHEZI n=9 ERBAE. XBAREMERATHTERRER.

g #% X MW

[1] Jle#6enson, JI. C., Bapuaumonnsie Meroant Peuwenns 3agau Teopun Ynpyrocrd, Pziatennctso Akane-
mud Hayk CCCP, Mocksa (1951).
[2] %k, HMESBEEPAMD BN DRERSH> BH—R07 8k, L% 7%,1,1(1930),23--37,

[3] Pian, T.H.H and Tong, P., Basis of Finite Element Methods for Sclid Contin:a, International Journal
for Numerical Methods in Engineering, January-Macch, 1, | (1969). 3—28.

THE SOLUTION OF FLANE PROBLEMS OF ELASTICITY BY
THE FINITE ELEMENT METHOD VIA RELAXATION
OF BOUNDARY CONDITIONS

Jiang Wei
(Shanghai Institute of Industrial Building Design)

Abstract

This paper presents a finite element method in which the general polynomial solu-
tion to a plane problem is used to form a family of displacement functions. The method
derives its name from the fact that while the static equilibrium conditions are exactly
satisfied, the boundary conditions are relaxed. An advantage of this method is that it
gives a high degree of accuracy. Another advantage is the use of the sectorial element
in which nodes are taken only on the two straight edges, with no node on the third edge.
As a result, the total number of nodes is reduced. A third advantage is that it adapts
itself to arbitrary shape of the region in question by taking each segment of the bound-
ary of the region as the third side of a finite element. Thus no discretization errors
along the boundary will arise during the process of partitioning into elements.

A general computer program is also developed which has proved to be successful
and effective in practical applications.



