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Abstract If the parameters are not completely independent for holonomic systems, it is called holonomic systems with
redundant coordinates. In order to study the forces of constraints for holonomic systems, we use the Lagrange equatior
with multiplicators of redundant coordinates or the first kind of Lagrange equations. Because there are no forces of
constraints in the second kind of Lagrange equations. In some mechanical problems, the forces of constraints should n¢
be equal to zero. In other conditions, the forces of constraints are very tiny. However, if the forces of constraints are
all equal to zero, we called the free motion of constraints mechanical systems. This paper presents the free motion o
holonomic system with redundant coordinates. At first, thgedéntial equations of motion of the system are established
according to d’Alembert-Lagrange principle. Secondly, the form of forces of constraints is determined by using the
equations of constraints and the equations of motion. Finally, the condition under which the system has a free motion is
obtained. The number of this conditions is equal to the constraints equation’s, its depend on the kinetic energy, generalize

2015-10-27Ff, 2016-06-01L ], 2016-06-06% 4% it & %
1) [ 5 [ RB R FEG % Bh 35 H (10932002, 11272050, 11572034).
2) MERHH, #0251 : 8T 1%, E-mail: meifx@bit.edu.cn
SIS BRAG, S, AT, B 2 RAREIE RGN A 1i23). J12%2%4), 2016, 48(4): 972-975
Chen Ju, Wu Huibin, Mei Fengxiang. Free motion of holonomic system with redundant coordi@atasse Journal of Theoretical
and Applied Mechanic®016, 48(4): 972-975




54 W %% 12 RSB RSN A hizs) 973

forces and constraints equations. If the two arbitrary conditions are given, the third one should be obtained when the
system becomes free motion. At the end, some examples are given to illustrate the application of the methods and result

Key words redundant coordinate, holonomic system, force of constraints, free motion

t

5l &

SERER G 28 Lagrange)y B A8 52 20 o 5
REAACE AR WIS B TR N MO
ZRMPREI LR RS, THE 2K Lagrange/s £
B 2 R Ak bR e T IR 1) Lagrange/s F2 274, X1
SERE 2 ARG R 55 2% Lagrange s R R 21
RAWIEN o TR, L AR bR AR AT . 1
&, LRI EIE RS ) A NMUEIE s 244k
AEEE S M AR 230 A s, an DY
BRIz sh 24k B, TREPREh e 1, 2R
gig)) )y B0 S R . AL 2R RGE B )%
H it Z R T — REOTRE, BRI 2 R AR BR e 3
RGN TTRE, VI S b b St v 5 B8 A i 3k
Z R AR T 25 K T .

HZRMFRTEE RGN B 23 &8 R M L
W RERIES). KTAR RGN H iz g) ) BE
37 L L SR [14] g5 T AR RE RS H
i3], W77 Chaplygin i) H iz g, JFitie T
FAHNIR LA TE#E R S 2 His s n Retk, B
—SE IR SERr 7 Y. 20054F, Yushkov Al ] Maggi J5
ST Chaplygin 54 o] /L) H HHiz g)), FEeE5T T
A ) RS RS A g 3 () n fet 157281,
RSS2 b, HE T T AR SE ) R T isis
g 0N KT H s sl ) @, — 282235 AR J7 ik
AT T T et oT Be18, A B4 I A 2 RAR
FRoeRE RGN — R kizsl, B 3 tizsl, 45 H s
H iz 3l 4 1+

1 REHEHHY FIE

WRGIIAIEE ¢ AT AR FR g (d = 1,2, -+ ,1)
KerfasE. T HEBK, Fik g M E AR O, Gezs
o, g (@=n=71), A g MU ELAR SR L

f,B(QS’t):O (ﬂzl’z""7g;8=152s"'»n) (1)

d’Alembert-Lagrangeit B £

doT aT

G 2~ Qs|dds = 0

. s=12--,n (2
498 o0 ( ) @)

KH K BLE, R 350h A R bR sk A, 3 (2)
TEREALRS 605 L ARy

a—fﬁé =0 3
90.0% = 3)
X ) F1:8 (3), FIH Lagrangefe iz, 15377 F
doT  aT a5
dag; " aa O g,
B=12---,9:5=12---,n) (4)

3 (@) Ay e 53T A ARLIR ). X (4) Ak
(V) "R ARG NIZS), JF HARAR ).

2 YYRNBITHE

B RA RS K
T=T2+T1+To (5)
Hrp
1 .. .
Ty = EAskCISQk’ T1 = BsQs (6)
JIUEE}
ddTlz otz _
dtdds  dgs
Asilix +(6qm =5 20, )Qka+ WQK =
N L. 0As .
Asidk + [k, m; 8] QkGm + aitksqk (1)
o
1(0A:s  O0Ans 5Akm)
kms == + - 8
[ ] 2(0qm ok 90s ®)
h R EGERE (A 25— ChristdTel id'5. X
doTy 0T _ 9B, (9B 0B\, ©
dt9gs  9g9s ot \dgs  dgc) ©
doTy 0Ty daTy
- —— = 10
dtdgs dgs  9gs (10)
A @), KX (9 Ak (10) A (4), 1531
Asili + [k, m; 5] QkOm =
0By BBS) . 0Bs 0Ty
(3% 00k Gt Qs At 0gs
of
BASK- B (S: 1, 2’ ’n) (11)

/l P
at k* g0



974 Vi 2 2 £ 2016 4F %5 48 ¥
det(Ag) # 0, Ml 1=t (1) KT T SN & = (a8) Bk
) 0B, 0B
g = AS|— [k m; 5] O + ( ) +Qs — Pty 0%y 9%y
aQSaf 00k W +26t6q3 3050 —— Qs+
QE% QIQ _ 0Ask . B of
o tage  a /lﬂc’)q] (12) Gg A Clem s Gan+ Q) =0 (20
/\q:l
AsAy = ol (13) Iizﬂj IR Agc = const (sk=1,2,---.n), M= (20)
TR LR, H (1) 0 RIS 1 ‘
o2, o 52 af L +262fﬁ A — a4
B B B . v sOk+
ra + 6t6qsq 39500 00k + FQS =0 (14) ot o 0t9qs 6q 500k
TBAsOo. = —
$3% (12) O (14), 2 N, 75 g =0 B=l2--.0 (21
Fly Pl Pl s MRGRLE HHIEHT, 5 (4) B
o2 " atags T ageage Pkt
of OB, 0B aar _otr _ 1.
a—(:A'S[ [k, m; 5] qkqm+(aqk 5 ) +Qs — 496, ~ 90 =Qs (s=12---,n) (22)
BBS aTo aAsk- afV _
Tt T ag. ot kT va—qJ-O 4 G I
6=12-.9 (19) BI1 RGN ERLR
& 1., 0 o
de t(z;ﬁAISZ; ) +0 (16) T= E(ql+q2+q3) , =t +202-303=0 (23)
| S
i, T (15) SR A, (y = 1,2, @), dEife] R EC RN, WKL A dissh BT
SRR ) ERYPARLESY
af, fit: X 21 4
Asz/lya (y=212---,9g,s=12,---,n) (17)
201 +1Q1+2Q2-3Q3 =0 (24)
3 0ES
R EEF R WAHEMESN T, Bl Q= Q= Q3 =0, NIAFESLIL
ARG ABEERAKR D AENEZS), H H thizal. X (24) 45 B B8l ) N 2 244, %,
,=0(@=12--,9) fRA (15), 152 B Q;=0,Q=-0G1, Qs =0, WATsZEL A hizsh, 1t

9ty My 81y
) ds +
ot? otoqs Oqkdqs

qus
ofs
_AIS
aq

9By 9Ty _
ot ogs

[— [k, m; S| OkQm + Qs—
aASka} =0
B=12---,0 (18)
X E RGO A HIZ A R, i
=0 (s=1,2---,n)

To=0 (19)

0

=0 (ks=12---,n
5 ( )

IR T 2%, R, I AL .
Bl 2 RSB ReRL A I 5 A
1. .
T=3 |¢2 2+ sint) + &3 + 6] 5)
f=t’q-g-g3=0

HrhpECTENML, kARG A iz
fift: T 2k

BN FAT
A11 =2+ sint,

Arp=1, Az=1

1
2+sint’

Ay = App=1, Az=1



S S
B

#o4 i 3

172 RARFRIERE RGN A t1iz 3

975

[k,m;s] =0

=® (18) 4 i

k,ms=12)

2

. t .
2y + 4 - (O, - _
g1 + M1+2+smﬁQl s cost)

Q-Q3=0 (26)

Kt R B B iz shxt E3h ) Qu Qz, Qs K
. AR, AN 3 ARSI A sz,

AN R4

5 & g

KRICT T A 2 KRR T % RGN A Hig
31, 19305 B s sh & A4F. kT2 8 i),
WAIRUIH AL IX BB AT s RN 2L A thiz )y, W2k T
XLEZA [FII, IEA1SCHR [15] FrdR thivs, Wi R4
1z 2% F iz s A/NR &, BB /NMIZR
73, PR ILVE R TR A SE BRI 3)).

2 % X M

1 Lagrange JL. Mécanique Analytique . Paris: Jaques Gabay, 2006

2 MR, W 2. dbat: B Tk i IRAE, 2013 (Mei Fengx-
iang. Analytical Mechanics. Beijing: Beijing Institute of Techanol-
ogy Press, 2013 (in Chinese))

3 RME, A, B, Bg 2. deat dbRURAE AL, 1982

(Zhu Zhaoxuan, Zhou Qizhao, Yin Jinsheng. Theoretical Mechan-

ics. Beijing: Peking University Press, 1982 (in Chinese))

4 Hurtado JE, Sinclair AJ. Lagrangian mechanics of overparameter-

ized systemsNonlinear Dynamics2011, 66: 201-212
5 Jlypve AU. Ananuruyeckas Mexanuka. Mocksa: Pus-

Mmarrus, 1961
6 BRI, b7 2. S . dbst bRt i, 2012 (Chen Bin.

Analytical Mechanics. 2nd edn. Beijing: Peking University Press,

2012 (in Chinese))

7 MERGH, RUEEAR. A HTOT SRR, Ph L VAR HIRAL,
1987 (Mei Fengxiang, Liu Guilin. The Foundations of Analytical
Mechanics. Xi'an: Xi'an Jiaotong University Press, 1987 (in Chi-
nese))

8 Brogliato B, Goeleven D. Singular mass matrix and redundant con-
straints in unilaterally constrained Lagrangian and Hamiltonian sys-
tems.Multibody System Dynamic2015, 35: 39-61

9 Wojtyra M, Fraczek J. Solvability of reactions in rigid multibody
systems with redundant nonholonomic constraihsitibody Sys-
tem Dynamics2013, 30: 153-171

10 Whittaker ET. A Treatise on the Analytical Dynamics of Particles
and Rigid Bodies, 4th edn. Cambridge: Cambridge University Press,
1970, Sect. 24 & 87

11 XIEATY. A58 )%, dbat: WARS0E AL, 2001 (Liu Yanzhu.
Advanced Dynamics. Beijing: Higher Education Press, 2001 (in
Chinese))

12 B =) 2, ARt MU H AR AL, 2013 (Shang Mei. Ad-
vanced Dynamics. Beijing: China Mechine Press, 2013 (in Chi-
nese))

13 Jungnickel U. Ciferential-algebraic equations in Riemannian spaces
and applications to multibody system dynamiz&AMM, 1994, 74:
409-415

14 Mg R, dE5e 3 KRG B i) MAE S M k. )R,
1994, 26(6): 470-476 (Mei Fengxiang. The freedom motion of
nonholonomic system and disappearance of nonholonomic property.
Chinese Journal of Theoretical and Mechani¢994, 26(6): 470-
476 (in Chinese))

15 3ersxkna CA, Coaraxanmos IIIX, FOmrkos MII. ¥Ypas-
venus sux enusa Heromomombix Cucrem u Bapuar-
cuonnble [Tpunnunot Mex anuku. Hoswii Kiacc 3anau
Yupasaenaus. Mocksa: Pusmaraut, 2005

16 A HIE CA, ZRERE K I X, LA M L HE R
e HER G BB TR JI A AR o3 IR B, B — 2 1l il R
Jent: db B T K2 R AL, 2007 (Zegzda SA, Soltakhanov Sh
Kh, Yushkov MP. Equations of Motion of Nonholonomic Systems
and Variational Principle of Mechanics. Beijing: Beijing Institute of
Techanology Press, 2007 (in Chinese))

17 TepmurunniTec aypn BIO. A nanTuBHASMEXAHUKAL
Hayxa, 1998

18 Tk, WRET MM AR RS MBI 315 S HEH2E ),
2015, 13(4): 250-255 (Ding Guangtao. The equation motion of con-
strained systems in state spadeurnal of Dynamics and Control
2015, 13(4): 250-255 (in Chinese))

19 FRMPET. MOKAR I BB, BURECH AN 2. 4N pEGEK
2E R, 1993: 451-453 (Guo Zhongheng. From the problem of
sledge. The Modern Mathematics and Mechanics. Xuzhou: China
Mining University Press, 1993: 451-453 (in Chinese))



