% 45 % % 6 W HF
2013 4F 11 1

¥
Chinese Journal of Theoretical and Applied Mechanics

Vol. 45, No. 6
N2a013

MRIEX

ZHIBARTESN T TEERR D R EAE L
FRED PRE Bk BEE

(AL TR 2 AR S KR TREEE, A JIE 230009)

WE ek @b oo LA B v AL, R T el SOCiE I T LRI, 8 U
XD N Y T S Ui e S VIS Tl i 2 A0 <-4 04 E BRI PR e 2 G b NI T T R AP e el ol
SEPRER Sy JRT AR I D KD R BSOR 75 S A R 50 TR 73 2 M. DU o 5P o R v O (B AR

PR 7 A PR B 03 T AT 22 2, TR S 1 —Flopr (i Aride, I Tl At oo b Lp-si a5 A a7 5
BUPTHSE. 4 3 ANEEB], SR sik b e ATk 51 7 5k ) 2r i AR G R AN i 7t s LR /18
I RN SO IE A S 45 RAE T LU, SRR IR ) — IR TI AR SE0E ST 2. e 2 Wi ik 4f
Hegs SRAIIE NI S (R e 3 5 70 /0 W B AT BROTAT R 2055, i I Hh 1 G S el A SR 2 A L e vk

TGIRAT RESL N T 4 DR

K kD, ATk, oo, LR RRUY, TS

hESHES: 0343.1  ICHEFRIRAD: A

E1=

LG ICTE PRI H S O(L/r) KA, N
R SRS, o > 1 MRS R ES,
SRR T I MBS AR S EBIE T
S, By > 0MEA 0, 345470 BRI L R B A
JUF-AT Sk, H R e b (GaussUE AR 7 HE LATEHEL L
T, WH T LT 5 R AR AE
LRSS, (L) SRR L (2) A ISR
fits (3) AR IR ST AR BRAL. JLP- 75 7R
ISR AT s R R N 2

Luo &5 B Ry — 2 ] {81 L-F- A S AR 00 B Ak ok B0t
TR R RRE, TR T LT 59 AT AR
73 R AR et A4 Ja Y i s AR 7 5, (5 22
B2 E b A ReR AT BAR A . Ma & PR
AR I P RO I AR 73 30 R B, AR R
PN (EY: AN SU BRI FER SR e g 8 I B AL L
RS BE AT SR L. Sladeks B X g i AL et
BOUR R EAE T UK p A 4, Ab 3T JLF- 59 %7
SR, Padhif 4 R RIHE AT LE IR R e R T, 4
I SRR R B A 2 IO, HLfg by
FIRATCKE Y, I AR 22, 45 AL AR
2013-07-034 #1555 1 i, 2013-08-0U 215 Kok
1) B 5 [ RBIEIE G % BT H (11272111, 11102056).

2) 2B HZE, %, EEWFT M V)%, E-mail niu-zr@hfut.edu.cn

DOI: 10.60520459-1879-13-215

Shhiah?5 151 FiJ FiT AL 4 2 5% Z2K5 B0 25 o6 50 r () R
A L AR B R BRI AR RN R, K195 LT 7
G T L R o o AR & T = RN

Ao AE 81 SR A A, ST
TR E B0 LT 5y S AR A S LA R f T 2 X
O =4 i j0) AT 22 2 Of 4 In) ), I b
VAL Nk T Rt I IR G K T R
SR T EE S ¢ MR BRSNS AR, W T KR IGAE S
AR R T, 12— Z I TF 7 s, Amiff
FFIL T2 S AR o0 s AR ATV E 5. om0 1 il
AR ERTG = A 1) LT S AR o0 R it — P AR 43 AR B 1)
AL, TRET A A ) RN B g 2 )
Mehdi 25 RO 44 4 R 23 18] R IR I 96 L 7 5
TGN A 0y 52 25 1R Y TR R AT R R 90, T B LT
Sk B oA Bl A, SRR B A DU Xk
BAIE B AT SRR A R B AT AR e, AR SR R
Hei oy F o6 i b s B H 2 TaCas AR, T
JUF7 Ry, 5T A7 3 0] 8 13 S e 4
Zhang%s 12 gE— R HARE 200, Wil Ay eis A
IRIEIG, B LA B SIS, b T A )
2 in) .

Fata'3l 25 H 7 lNiL 4 (Galerkin) i1 58343 J5 #2



898 Vi =2

EiCd 2013 4 5§ 45 &

+E

1 =AM TE 0 LT 59 87 S AR LT %, Xie
2 14151 H iy S pp oG 1 P B 95 ARl 1) A x© A 5
TEHTG EREE AL, ZER TR PR AUE T
(1) B 25 bR A — R A AR e, U RO T R —
Y1 J oeid T Ay ARy )

H i Focikh L& o vk e i T
2R, TR R ICRIRRIR 1 B SR T, 9 K E
— I BT LT AT e R AT SRR A e 2 A A
(0038 AR, 7 SR e i A 5 ) B g 8 v AR i 2 e i
I, SR R 52 0 I S 6 53 BT A = R AR SOx
THEL FoiE RN S S o0 ERR AL T AR M, K L
W AT S BG4 B Gl i AT s, R
SEERY FHBUERSY , TR B i Aot J L i 2y
FIFE 7 SR RRSY 1 57— AN - b S0,

1 Z4s RN AERLTEFRR
43 (8] g1

XFF LR D)2, XL @ Ny iR
ui(y) PR ) ori(y) BT EHIA S S 3 & ug(x) TR
o t(x) AR B RIA

mwriﬁwmnwmm—mewwamvan
quwmmm 1)
oik(y) = fr\/\fi*kjtjdl"—j;si"‘kjujdr+

\fvmppg, yeQ )
Q

b, y AU, x A7, T =09, bi(x) Ak
B UL (% ¥) T506 YD) Wi (% Y)s Sj(x. y) A5

P 2 1) ﬁﬁﬂiﬁﬁ ﬁ?ﬁfpﬂ{ltﬂﬁﬂﬁ
Uii(x.y) = —cu(caInrsij —1ir ) (3a)

1
Tij(x.y) = Cs[Calriny = 1,jn) = Fn(Cadij + 2r,ir )]

(3b)
. 1
Wi (% ¥) = Ca[Calr kij + Tidkj = T.j0ki) + 2rir jrid
(42)
) 1
Skj(x.y) = CGr_z{Zr,n[C4r,j5ki +¥(1i0jk + I kdij)—
4I',il”jl'yk] + c4(2r il kn,— + 6,—kni + 5”' nk)+
20(r i1 M+ 1T kM) = Gk} (4b)

A, j,k=1,2, GABYIEE, v AR, 6 A

PRSI g g3 A s ) o

C1 = C2=3—4V,C3=

1 1
8n(1-v)G’ 4(1-v)

C4=1-2v, Gs=1-4v, Cg= ————
4 > ®” 2n(1-v) (5)

r= \fifi, rj =ar/ox = ri/r
i,j=1, 2("@)

li=X-Y,

rn=aor/on=r;n,

FT N W, EaCrR Y e v/ (L4 ) BT
ye I I, J7fE (1) &ikh

qmwwiﬁwmwmwu

f T (% y)uj(x)dl” + f U (x.y)bj(x)d2  (6)
r Q

ﬁ#cmw%%ﬁﬁ%ﬁtfvwvﬁﬁﬂﬁiﬁ
BUr. B by 3R MR o 75 5%, % S
T DA 3 JLIE 22 7k ) TR 1.

B S RICAREIE T TR (6) Wil TS ik
AT 305 4% P 30 S S TR A 4B, S5 1
B8R (1) A (2) KA AR BRI F. 3
y SEELSI, R (1), (2) Al (6) th#ICH
439 ST AR SR S0, S S0 T B A
SR B, ASCLL 3 VK I o B S P
2870 ST SR I AR 73,

2 THEa) R RGBT LA ERE

AT ICE 3 R IKIG Te LA 1, XM R
FLIGES m AN R | YEARER; y BIARKR vib x AR
Frox, XH i=12 m=123. y7EHicre iz b
TEJE N Xor KFETTIN oxxo FRAR I B R AR bR B
of, T Xo 7F 08 RAKR A &o. Te b x AAKR Ky

3
X(€) = > Nu(@)X" =
m=1
SE— PN eyt x0 (D)
Rt () = dO)/de( F ),

1 1
Nl = éé‘:(é: - 1)’ N2 =1- 62’ N3 = ES(‘{:‘: + 1) (8)

3 3
%= 2, Nnle", Xo = X(60) = 2, Neléo)" (9)



¥ 6

GRS R SOE R T LT AR T 899

Bl 1 3y kot

Fig. 1 3-noded quadratic element

A%x =X =22 + 3,
i

Ax = =X (10)

s= /& = xH(x - x)

€ s TG Te MIRFAEICLE. Te 1 0xaxp ARHR FR F
of AABR AR AR R A AT LE

IE) = X)X @) (11)

J(&) £ &o AETTIEAASRIE

(@) ~ (€ - £0)3 (o) + I(o) (12)
_/AZ.
e = KXo Vo) =gt (13)
Te FANERE n sy

%O (€ E)Mx+ X,
G G 14
G N G L R
G 3@

ni 7£ &o KE N

4 XI

_ _O - _ 10
MOT ) ™07 T IE)
T d Uy SR xo 2 AITGEEES, WL 1
d = (%o — )Xo — ) (15)
X 2d
€= S (16)

er MUE Sy BTG Te M E/MHXTIE B, BURR A $21E
BEy B x RE N

r=x-y

i1t (7), 19

() = X ~¥i = Sl & + A~ E0) + vl (17)
A a :%Azxi’ Bi= 2)§O7 Yi=2
st (17), 8

) = VAT = Sl(€ - &PHE + M2 (18)

Xio — Vi
—

Jsp
HE) = 1+ SAPKI(E + 6027+
26 + E)AX; + 40%0 — Y] (19)
£ (17) A1 (18) LA
Fi(€) = SIBI€ ~ 0) + 7]

s (20)
i) = E[(f — &0)%Ho + €5]%2

Hrp

4
Ho=1+—=
0 +32

H10 (5), (18), (20) *f rj Fl 1y SIAILITAAIZIA S

AZ(E30%% + EoA% + X0 — Vi) (21)

RO=7. fa= 7.
Ly RAE ST T (HASE 8070 KU K2 Y,
FHUIH (1), ) (6) RAEJLTAF B LA A

r FIEHLE e — 0.
IIPTRIRBERT/LFEFER P EBAEX

YEFRE ) A IREE S T B SR AN
i 3 RIE N

Fn = rinio (22)

3 3
U = > Ne@U™, ) = D Nt (23)
m=1 m=1

P um A s BT B3 m AN SRS A ).
MEEFEASE (3) A1 (4), MHL I T e %L

Ui*jo(g) = —Cofij » Ui*jl(f) =il (242)
T:1€) = —ca(fudij + nirj —njr)

) (24b)
T:2(€) = —2forir

\7\/|T(1j(§) = C4(I'k5ij +Tidjk — rj(sik)

) (24c¢)
Wi2(e) = 201y

S;(€) = ca(ndij + Nidi) — CsNjdi

~ (24d)
S:‘k‘r"](é-") = —8fnlirjry



900 Vi =2

2 EiCd 2013 4 5§ 45 &

SHGE

2v(Nirr + NErirg) + 2c4N;5rir

2rn[c4rj6ik + V(rk5ij + riéjk)]+
(24e)
DR B S AR KB AR A &o I, MK (3) AT (4)

TR IR A I 7 e 00, A AR R b ALk ek Hcn
3
%0 1 ~*l P
u; t,~cl(lan +r—2 i )tJ U] tjJ (25a)
1., =
Thuj = c3( T t 5 Z iupd = Tiupd (25b)
1 A T N T

Wit ~ Cg("ZVVIkJ + f_4vvik2j)tl"l = Wit J (25c)
SiiUi & CG("ZS;kklj A4S|k2] AGSI’f‘J)u J=5;,u;J (25d)

WAF EBHCN n ASHOG, AN B0 5 R
(D)~(2) WG ociay, A

u(y) = ; f (Ui =T "

n
oi(y) = Zf (Wit = Siqupdr
e=1YTe

M Te LR A LA e, X LGS x>
RN PR KX (25), A

1
fr (Ui*jtj - Ti%} uj)dr = fl [(Ui*]-tj - Tiy] uj)J-
~ ~ ~ 1 ~ ~ ~
(Ut = T uyd)1de + fl (Ut 3 - Fud)de (27a)
" l "
j;(Withj = Sjjupdr = fl[(VViT(jtj = Sijuj)J-

1
(W 3-S50, 0de+ | O 13- u,)ck (270)

AP AR S R A 1 IO RN R R 8, T AR
R AR 58 . R R e (MBGLE e A7)
T 050, 2 2 R SR A LA b, AR
TCEEAE, DU A7 2 3K 3K (25) RATLER
2Ry, A

1 1
f(U;tjj—fi*;ujJ)dg:f[c1(|nflj;;°+
-1 -1

U; /)3 — ca(Ti2 /P2 + T:2/7*)u; J)dé (28a)
f (Wi t;J = Spjujd)dé =
f [Ca(Wit /72 + WiZ /eyt -
co(S;e /T2 + 5,2 /1% + §;2 /T6)u; J]d¢ (28b)

¥ (24) AR (28), A4 2] Jay B AL AR BRI G
(A1) L (22), EAXF AL FAIEL

N 16) P2(é) L Py(e)
N L
(29)
P P(), Pa(&), Ps(¢) A ¢ M2 ER, il
(20) AT L 72 k& 1) 2 Ikpki . ) B ARG AR

2, &t

b, A RIS, B FRATBU A
= f R {V_(’g(z)Pl(son

In(l + Z)Py (&) + \/_

———=(2- 9P/ (&0)+

12 -+ 2) P'l"(go)}L:_l (30a)
o= [P - glloas

= H°e‘§_Pz(§o) Trz o o

0 - — ]‘W_ (ot

g[l L i@+ 2Py + ﬁ[gz‘

00 + 375 PO, (30b)
o= [ 50 - gl

1 3222(1 f 2" 3] 2e\§/_ Pa(¢o)-

o P + A sl o) o]

H":ﬁ_" PYE) + 57175 (11 7 - 2)%1()P’3"(§0)+

s (1~ )+ o S 2P

%[m(u 2)+ 1fzz - 2(1j22)2]P(35)(§o)+

wi«/H_o[SZ ~30- 5(12+2522)2 "1 f zz]P(36)(§°)}|;_1

(30c)

A z = VHo(é - &)/ers 9(2) = arctare iiiiﬁ
(28b) W A 15, HA LA R X
FRERSA, B RE T e - 0 Hﬁ’/ﬂ%? 0,
RIANT ¢, BRI AL & 2 T Pi(€) (1= 0,1,2,3)



¥ 6 R A

YR G RN LT A AR P AT A

901

Ja B PEARD 1 LR R ENERILE 6 &
1 BRI 45 RAAA L (27), SR H
R AR T (27) S5 A S 1 A
Rors RIESE T 9T Te BJLFsmar e MU a5 57407

*/\]J ’

IES (R IPEEC RS
4 FEHE B

AT SRR S5 4 Y- 1Y ) ) A 1 5 o6 o0 A
PR 3 W R =ik S0 bL A o e f
MR R E VAR S 1 i W - B | o B e B R
8 ML AR A VR 2 T N R T LT A R R
FHSCHER [7] 00 AR ATV o155 Qi SR v 4 38 i %
AL, BB E A R AR AH .

5 1 2l fhR g, WK 2, 2 RE h = 1cm, #fir
p = 10* N/cm, #iPER & E = 192 GPa AL v = 0.2.

X2
A
p

. 8cm

K 2 gl
Fig.2 The bending beam

BT MR, ORAT 2300 R4y 2 Pl ot
JCRIKE, UL 3 TR (1) &bEon: e E 64
YAt SRIGAE D fARIE Sy 2 IRIG N A5, RRK
24, Sk 68 A1 AR 68 N LT, (2) K
TG RRARIARISY LA IR TG, Feit 8 AN R R

Bl 3 THETRLR
Fig.3 The computed model

A IR

TRARES M BN ) I R (1) A (2) 23 sl Vil
FEICOHT, e 1R 2 73 4 VR A 5 D BT Y A
I ug FIN ) oqq. SRR NETC CRA T
Wi U1y SRS B I (A 0 e O 5.0x10°5,
AL IR TCEIEAE AR JE T 4.4<210718 Y [y 1HE
gE R RS VA TEEN ) R R R
BRI N 5.0x1075, AR SCEIAMR A S e A
5.0x10715, AR IR JTH IR G M e EIRAE T AT
FE RN 7B, 2300 B FAAR 10 MR 2. TR RX L 2k
PETCATH T 68 NS AL, A IRES T
T 8 AN, I SRS IR bT Bkt
PRI VLT DAV S A () N 3, Bk

52 L IFFLr Rz B R, iR 20 =
60, 1%JE h = 1, #dEEE E = 21, WAL v = 0.3,
b Sy p =10, UL 4. W IR AL K 240 A
b Fla, 7> 2 FEE: (1) [fL: a=1, b=1; (2) #l
fl: a=1, b=2.

Fz1 THPEAS D MHARSAFH u(102¢em)

Table 1 The displacement(10-2 cm) near corner poir of the bending beam

Points Exact Linear BE Present Relative
X1/cm Xo/CM solution quadratic BE distancee;
3.999 1.99900 0.208 229 0.207 469 0.208 229 51t
3.9999 1.99990 0.208 323 0.207 601 0.208 322 51a0°
3.99999 1.99999 0.208332 — 0.208332 %00°°
3.999999 1.999999 0.208 333 — 0.208 333 50077
3.999999 99 1.999 99999 0.208 333 — 0.208 333 5100°
3.9999999999 1.9999999999 0.208 333 — 0.208 333 8,00t
3.999 999 999 999 1.999 999999 999 0.208 333 — 0.208 333 xB@63
3.999 999 999 999 99 1.999 999999 999 99 0.208 333 — 0.208 333 x 08
3.999999999999999  1.999 999 999 999 999 0.208 333 — 0.208 333 x 1044
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Fz2 THRAS DMHERAN A oy (Nem?)
Table 2 The stress;; (N/cnm?) near corner poinb of the bending beam

Points Exact . Present Relative
) Linear BE . .
X1/cm Xp/Cm solution guadratic BE distances;
3.999 1.99900 9995.00 9990.84 9995.697 700 $100*
3.9999 1.99990 9999.50 10029.3 9999.571 200 6100°
3.99999 1.99999 9999.95 — 9999.956 900 5006
3.999999 1.999999 9999.995 — 9999.955 200 £XD7
3.999999 99 1.999 99999 9999.999 95 — 10000.001 00 300
3.9999999999 1.9999999999 10000.00 — 10000.007 00 A ML
3.999999 999999 1.999999 999 999 10000.00 — 10009.429 00 x 5008
3.999999 9999999 1.999 9999999999 10000.00 — 10027.92900 x B0
3.999 999 999 999 99 1.999 999999 999 99 10000.00 — 10235.92900 x 1506
3.999999 999 999 999 1.999999 999 999 999 10000.00 — 8123.928 800 x 10748
Mesh-1: 7&_Fik AB JRB stk 43 4l b, K A
. PRARIEAE 1A YT 2 s
L Mesh-2: 7£ Mesh-1JEfih b, K A S4BT Ak
L, |- LA URIEHRA S 24 IO,
) JIBITALIE, FLi A0, b) kb kA= fi s,
-~ AL DR 33 g s 5 A A ) 4 i e AR A T B X L
L,

K4 e JT AL BT R

Fig.4 A tension square plate with a central hole
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Table 3 The displacement near pointA(O, b) of the plate with a circular holea(= 1,b = 1)

Points Analytic Conventional Linear BET Pres§nt Belative
%o(x1 = 0) solution BEM guadratic BE distancez;
Mesh-2 Mesh-1 Mesh-2 Mesh-1 Mesh-2 Mesh-1

1.004 -0.47789 -0.47331 -0.48130 -048179 -048020 -0.48022 8.1%1072
1.002 -0.47704 — -0.48044 -0.48093 -047941 -0.47937 4.0%102
1.00005 -0.47621 — -0.47938 -048001 -047853 -0.47853 1.0%10°3
1.00001 -0.47619 — -0.47934 -047997 -047852 -0.47852 2.0410*
1.000001 -0.47619 — -0.47912 -047953 -047852 -0.47852 2.0410°°
1.0000001 -0.47619 — -0.47904 -047913 -047852 -0.47852 2.0410°6
1.00000001 -0.47619 — — — -0.47852 -0.47852 2.0410°7
1.000000 00001 -0.47619 — — — -047852 -0.47852 2.0410°10
1.000 000 000 001 -0.47619 — — — -0.47852 -0.47854 2.0410°11
1.000 00000000001 -0.47619 — — — -047763 -0.47810 2.0410°13
1.000000000000001 -0.47619 — — — -046995 -0.49285 2.2610°14
1.0000000000000001 -0.47619 — — — -0.23926 -0.23926 1.4%10°16
1.00000 -0.47619 -0.48005 -0.47951 -0.48005 -047852 -0.47852
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Table 4 The stress;; near pointA(0, b) of the plate with a circular holea(= 1,b = 1)

Conventional

Points Analytic Linear BE Present Relative
%o(x1 = 0) solution BEM quadratic BE distances;
Mesh-2 Mesh-1 Mesh-2 Mesh-1 Mesh-2 Mesh-1
1.01 29.36520 25.78601 29.90055 29.84372 29.407 60 29.40045 x1n04
1.004 29.72262 — 30.82761 30.45133 29.75790 29.80739  x&13
1.002 29.86066 — 31.43729 30.80042 30.00712 29.95330 x4M8
1.0003 29.97901 — 3297736 31.61037 29.84791 30.11886  x&atd
1.00005 29.996 50 — 34.33907 32.34472 30.04130 30.03525 %1002
1.00003 29.99790 — 33.70351 32.63526 30.124 40 30.05032 xBard
1.00002 29.998 60 — — 33.24051 30.19091 30.065 06 108"
1.00001 29.99930 — — — 30.30466  30.09201 084
1.000001 29.99993 — — — 30.68066  30.18314 2085
1.0000001 29.99999 — — — 31.06146  30.30552 206
1.00000001 30.00000 — — — 30.94968 29.56110 b2 2
1.000000001 30.00000 — — — -218063  —-244692 2.0410°8
1.00000 30.00000 30.47097 30.12813  30.47097  30.08800  30.08800
% 5 WETFLIZ A0, b) RAILA RN SR w@=1b=2)
Table 5 The displacement near pointA(0, b) of the plate with an elliptic holea(= 1,b = 2)
Points Conventional BEM Linear BE] Present Relative
%o(x1 = 0) guadratic BE distances;
Mesh-1 Mesh-2 Mesh-1 Mesh-2 Mesh-1 Mesh-2 Mesh-1
2.004 -0.95109 -0.99780 -0.97036 -0.97073 -0.96975 -0.96976 1.6%10!
2.002 — -0.95155 -0.96894 -0.96933 -0.96835 —-0.96836 8.141072
2.001 — — -096821 -096861 -0.96772 -0.96765 4.0%10°2
2.0001 — — -096743 -096792 -0.96698 -0.96700 4.0%10°3
2.00002 — — -0.96730 -0.96782 -0.96695 —0.96695 8.1410™
2.000 005 -0.96712 -0.96734 -0.96694 -0.96694 2.0410*
2.0000001 — — -0.96703 -0.96712 -0.96694 -0.96694 4.0%10°6
2.00000001 — — — — -0.96694 -0.96694 4.0%10°77
2.000 00000001 — — — — -0.96694 -0.96694 4.0%10°10
2.000 000000001 — — — — -0.96694 -0.966 95 4.0%x10°11
2.000 000000000 1 — — — — -0.96692  -0.96705 4.0%10712
2.000 00000000001 — — — — -0.96667 -0.96796 41610713
2.000 000000 000001 — — — — -0.96380 -0.92699 3.6%10714
2.000 0000000000001 — — — — -0.48347 -0.48347 2.8%10°16
2.00000 -096742 -096786 -0.96742 -0.96786 -096694 -0.96694

T HRTT IR FLINY, 28 3 1 4 25 R WL #c
Gk oo AT U wl DL SR B e KT 2.04x10°°
AT 5 R up A ep KT 4.08x1074 [T i 5+
RNT) o1 B oo WHERREERK, £ e N
4.08x10°* [N s, JRTEBINE Mesh-2[1) oqq 1 H 45
FAIRT R ZE R 10.8%. A —IRTuHERL W LATE

HPHEE R T 2.04¢10°%8 (LA A S B F e KT
2.04¢10°7 BT A RN ), AE e A 2.04x10°7 [N
M Mesh-11 ) orqq THE S5 RAXT R 224 3.16%
TN M Mesh-2 (R 1 orq 545 AR 22 0
1.46% WAL T2 Pt oo 5k
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Table 6 The stress;; near pointA(0, b) of the plate with an elliptic holea(= 1,b = 2)

% 6 #ETLIL AQ,b) BT ANEN A on(a=1,b=2)

Points Conventional BEM Linear BE! Present quadratic BE .Relative
%o(x1 = 0) distances;

Mesh-1 Mesh-2 Mesh-1 Mesh-2 Mesh-1 Mesh-2 Mesh-1

2.02 45.71256 46.93781 46.537 63 46.93781 46.37901 46.376 32 3.21
2.01 — 47.66570 48.685 75 48.87070 48.31652 48.32365 eYors
2.005 — — 50.14773 50.03919 49.36293 49.35419 21041
2.001 — — 52.613 36 51.566 00 50.288 46 50.202 03 X072
2.0005 — — 53.53918 52.06271 50.47330 50.33060 21042
2.0001 — — 55.608 83 53.12762 50.19198 50.37969 1073
2.00005 — — — 53.57276 50.27803 50.37323 2083
2.00002 — — — 54.03299 50.426 56 50.403 46 &1a
2.00001 — — — — 50.54253 50.43295 450104
2.000001 — — — — 50.92473 50.625 07 400075
2.0000001 — — — — 51.286 70 50.63982 4an-5
2.00000001 — — — — 51.647 30 52.63782 a0’
2.000000001 — — — — 31.506 46 85.986 57 4Qp8

2.00000 50.47219 51.027 49 50.47219 51.027 49 50.44000 50.44000

05 BTG R AL, A, b) AL ER [ B 77 fig bt
fift o117 = 50. MK 5 K 6 nf LA H Lk PEoiE N
WS N SRS up A LS e AN
2.04¢10°%, TSN SN ST o N IIE T E L) K
8.14x107%, AL IR JTHIE VAT B 10 R
K H] 4.16<10783, THENV I e 1 F] 4.071077,
Gk T M FEAC 7 AN BRSO 3 MR

2 3RS AR up VIS AR kIR
FEE S0 BN S5 ORS i LL A, AR AE—/N K204 0.489%I1)
TEE AR 22, R 3 e —AT T LU, xR Zk
TR SRR 2, SRR CE R
PR RE I PR AR ). 3R 4~ R 6 WA S IR 4l A AT
IR AR AR 2. K 3~ R 6 FN AT up Al oy THE
Sh R A &R e — AT IR S RAEY) & AR LE
WA FHE T RS B3 A, A SCRIVE TS A5 R
JEWBARN R J Ak, e Mesh-15 Mesh-2i% 2 Fi
PR (RTS8 BT U Y, 2Rk s IE LA 2
WU 38 SRR, UL RV ) 45 R T B3, i WA
Mesh-2Lt Mesh-1I1)vH50RS BE A ¢ S s 10 XA i 2 0]
TIRTGIN SR ®, ARANU.

5 3 ANFEAEHPIXUZ B Z A W s p A,
LK 5, p=1, #hF4% a 7F 10.000 000 000 000-10.1
Z 1824k, ARRIIA N 42 by = 10, JEBE hy = a1 —by,
FVERE E; = 590 % 10°, VAMAEL vi = 0.25; I
BRI N AR by = 9, 4hF48 ap = 10, SidERIR

Kl 5 32 Py Hs W 13 0

Fig.5 Two layer circular hoop subjected to the internal pressure

Ey = 210x 10°, yH#ALL v, = 0.28.
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1, WIRH AL 2, Fra it 315 s ZiIkEEZoul
AJESEL, Horplk 1 NAMA A &Ry 64 4T, Bk 2
WAL TSR 5r 644506, SLit 256 M. T
P LLAER /N, Tt ICIE SR AR SRS FATH g i) 8
FLT5m A A0, X B B AL R BT
B, T MR 8 g T I AL Clay, 0) AR ML
¥ up RN ) o BOTHEL L. X B BEM £t
SRR REAS 37 R IR TTH 43 ARG, I
Kk 5070 LT 7 e B (R b A =0 7 o8y,
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R 7AW, AT IR R u 85 RS
Kbk 1x10°8 W FFaAr= AR iR 22, ek bl 1x1077 i}
TRk AT IC RGBT ue 45 RAEPA
oA 1x10710 WS AR ks B2, AR K b 1x1071
e AR 22k 1.28%. R 8 N ) oy B EIR, U
FEICERNE IO AR Ll 1x2077 IR ZE R K,
PRy 1x20°8 If 23k A SCi Aot koo A
TEBRK LR 1x1071 RS 2R &, i de /N
& e L0 2.0x10°1, B 1x10722 IR 25 0

Error = x 100 %

6.8%. A ULRFH IE WL i ot e th 2kt oo ik
SRR M BT BN T 5 AN RS, F Lk,
PR L 1x2107° (5 JE 2 g R .

FIAT BRICEAE ANSYS 230 B iZ 51 4 b i Jid, %f
MNgkK Lk 0.1, 0.01, 0.001/f FEyciksr A 93,
1180, 2 7707 4 17 S VUL JE %20, b s g 1L
R 7T 8. G BRI W B AN, B K
AN T AN Sk B EW L, 1M
FERTC, B L /N T-55 T 1x1074 IF, MR 3 2 3
R T A7 BRTC IR A0 LA 19 25 25 DR AR R, ARG
DIVEEL WO, 3 SO o M AR S R LA IR TR
HAT AR B L 000 1 2 1 30 57 43 Mt B
11 BR TG s AL

x7 THENRERARS C REAIF u/(10%)

Table 7 The radial displacememy(10-4) at edge poin€ of the circular hoop subjected to the inner pressure

h/hy a Exa‘ct FEM Linear BE Preseﬁt Error of
solution quadratic BE quadratic BE%
1x101 10.1 3.21971 3.2116 3.20016 3.22342 0.11523
1x1072 10.01 3.95643 3.9416 3.94211 3.95822 0.04524
1x10°3 10.001 4.04953 4.0384 4.04006 4.049 06 0.01161
1x1074 10.0001 4.059 09 — 4.05057 4.058 89 0.00493
1x10°° 10.00001 4.06004 — 4.05151 4.05993 0.00271
1x10°® 10.000001 4.06014 — 4.089 62 4.06004 0.002 46
1x10°7 10.0000001 4.060 15 — 9.026 25 4.060 05 0.002 46
1x10°8 10.00000001 4.060 15 — — 4.05999 0.00394
1x107° 10.000 000001 4.06015 — — 4.06042 0.006 65
1x10°10 10.0000000001 4.060 15 — — 4.06098 0.02044
1x1071  10.000 00000001 4.06015 — — 4.00834 1.276 06
110712 10.000 000000 001 4.06015 — — 4.82294 18.78724
1x10°13 10.000000 0000001 4.060 15 — — 3.02336 25.53576
# 8 ZTHAENZEEMAR SR CHIREMA oy
Table 8 The circumferential stresg at edge poin€ of the circular hoop subjected to the inner pressure
hy/ha a Exa.ct FEM Linear BE PreS(.ent Erro.r of
solution guadratic BE guadratic BE%

1x101 10.1 18.808 18.829 18.694 18.814 0.0307
1x1072 10.01 23.320 23.303 23.235 23.332 0.0531
1x10°3 10.001 23.890 23.875 23.834 23.889 0.0035
1x1074 10.0001 23.948 — 23.898 23.948 0.0015
1x10°° 10.00001 23.954 — 23.904 23.954 0.0010
1x10°® 10.000001 23.955 — 23.988 23.954 0.0034
1x10°7 10.0000001 23.955 — 29.949 23.954 0.0037
1x10°8 10.00000001 23.955 — — 23.954 0.0037
1x107° 10.000 000001 23.955 — — 23.954 0.0037
1x10710 10.0000000001 23.955 — — 23.951 0.0162
1x10°11 10.000000 00001 23.955 — — 23.907 0.1999
1x10712 10.000 000000001 23.955 — — 25.595 6.8467
1x10713 10.000 0000000001 23.955 — — 25.050 45716
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A NEW SEMI-ANALYTIC ALGORITHM OF NEARLY SINGULAR INTEGRALS IN
HIGH ORDER BOUNDARY ELEMENT ANALYSIS OF 2D ELASTICITY Y

Niu Zhongron@ Hu Zongjun Ge Renyu Cheng Changzheng
(School of Civil Engineering Hefei University of TechnologyHefei230009 Ching)

Abstract The calculation of the nearly singular integrals on high order elementffisuttiin boundary element method

(BEM) at present. In this paper, a new semi-analytic algorithm is established to deal with the nearly strongly singular
and hyper-singular integrals for high order elements in two dimensional (2D) BEM. By analyzing the geometric feature

of high order elements by local coordinates, the relative distance from a source point to the element is defined. For the
nearly singular integrals of the high order elements, the leading singular part of the integral kernel function is separatec
into the explicit formulation by a series of deduction. Then the nearly singular integrals on the high order elements

close to the source point are transformed to both the non-singular part and singular part by the subtraction, where th
former is computed by the numerical quadrature and the later is evaluated by the analytic algorithm. Consequently, the
guadratic element with the new semi-analytic algorithm was applied to calculate the displacements and stresses very clos
to the boundary and thin-walled structures in the boundary element analysis of 2D elasticity. Three examples were giver
to demonstrate that the computed results of the quadratic element with the semi-analytic algorithm are more accurat
than those of the linear element with the analytic algorithm for the nearly singular integrals. In fact, the boundary element
analysis with the linear element has been greatly more advantageous compared with the finite element method in analyzir

the thin bodies.

Key words elasticity, BEM, high order element, nearly singular integrals, semi-analytic method
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